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® PROBLEM 10-1

Let R represent the set of real numbers. Show that one of the possible
metrics for R is the absolute value

dx, y)=|x-y| M

SOLUTION:
DEFINITION OF A METRIC SPACE

Let X be a set. Function d(x,y) ER
d:XxX—R )

is said to be a metricon X if forall x, y, zEX

L d(sy)=0.
2 dxy)=0 iff x=y.

3. dx, y) = d(y, x).

4. dx, 2) s d(x y) + d(y, 2).

The set X with a metric d is called a metric space and is denoted by (X, d). The

function d(x, y) is called the distance between x and y.
[

For any real numbers x, y, and z we have

|x-y|=0
|x-y|=0 iff x—y=0 iff x=y
|x-yl=ly-x]|

|x—z|s|x-y|+|y-z|

Hence (1) defines a metric.

[x-y|

FIGURE 1
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If x and y are real numbers on the real axis, then | x — y | is the dis-
tance between them.

® PROBLEM 10-2

1. Isit possible to define a metric on any set?

2. Show that the set R” with the distance defined by
d(x:y)=max{|xi—yi|’ISisn} (1)

is a metric space.

SOLUTION:
1. Let X be any set. Then, function d defined by
1 if x=y
d(x,y) = y)
(xy { 0if x=y @
is a metric. Therefore a metric may be defined for any set.
2. We have
d(x,y)=0 because |x;—y;|=0
0=d(x,y)=max {|x;—y;|, 1 sisn} iff
|x;i—yi|=0 for 1sisn iff x;=y; for
l1sisn iff x=y.
We denote
X = (X1 eeey Xy)
Y =15+ Yn) @)
Symmetry is obvious
d(x, y) = d(y, x) @
Triangle inequality.
Suppose forsome 1 sl sn

dx y) =|x -yl
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we have
dx, y)=|xi-yils|la-z|+|z-y|s=

sd(x 2) + d(z y). 5)

® PROBLEM 10-3

Show that in the set R",

Pfn
dy(%y) = Elxi‘yilp
‘\/ 1

is a metric for eachp = 1.

SOLUTION:

We shall prove the triangle inequality.
For p = 1, the function

fix) = xp 2
for x € R1, x = 0 satisfies
ffx=0 3)
and hence it is convex. Thus, f(x) satisfies
floax+[1-aly) sofix) + (1 -a) f(y) 4)

forx, y = 0.
For any set of real numbers ay, ..., a,, by, ..., b, let

A= ’Ellailp B = IZIbiIP ®)

Define x, y, and a as; Vi €[1, n]

_% b __A
xi"A9 Yi= ’ ai_A'l'B. (6)

Substituting (6) for each i = 1, 2, ..., n into (4) and adding all » inequalities, we

obtain
n p n p n
(Sle-tl <q3lar -y 3inr

Equation (7) is called Minkowski’s inequality.
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Substituting

a;=X; —Yi
bi=yi—z ©
forn=1,2, ..., ninto (7) we obtain
4y 2) < dy (3% y) + dy(3, 2). ©)
In particular for n = 2 and p = 2, we obtain
2 2
d(x,y) = f G = y,) * (5= 7)) (19

which is a distance on R2.

® PROBLEM 10-4

Let d be a metric on a set X. Show that

d(xy)
d(xy) = T+d(ey) (1)

where x, y € X is also a metric on X.

SOLUTION:

We have to show that d, satisfies the triangle inequality. All remaining
conditions for a metric are obviously satisfied.
Since d is a metric we have

d(xy) d(x,y)

T7d(ry) +d0.0) = T+d(ny) - Zo®¥) ®
d(y,2) d(y,z)
T+ d(ry) +d02) ~17d0,2) - 20 3)

Function d is a metric. Hence d(x, z) < d(x, y) + d(y, z) and

p ~_d(x%2) d(xy)+d(,2) _
O(x,z)— 1+d(x,z) = 1+d(X,y)+d(y,Z) -
d(x,y) d(y’z)

=T d0y) 140,90 T T+ dmy) + d(y.2) = 0By + 4.2 (o

Thus d, is a metric.
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® PROBLEM 10-5

Let X represent the set of all functions from the closed interval [0, 1]
into itself. Show that for any f, g €EX

d(f, g) = least upper bound { | {ix) — g(x) | : x € [0, 1]} (1)

iS a metric.

SOLUTION:

Any subset of the real numbers which has an upper bound has a least
upper bound and

Os |fix)—g(x)|s1 forall f,gEXandx€E[O0,1]. @)
Hence d(f, g) is defined for all fg € X.

g(x)

d

f(x)

—
Y 1 X
FIGURE 1
1. Since
| fix) - g() | =0, x [0, 1] ©))
the least upper bound of (3) is non-negative, i.e.,
d(f, g)=0 forallf gEX. “4)
2. dif, g)=0 iff f=g. )
If d(f, g) = 0, then a least upper bound
{|f0)-gx)|:x€[0,1]1}=0 (6)
and
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{ |fx)-gx)|:x€[0,1]} ={0}. ™
Hence
| Ax) - g(x)|=0:x€]0,1] ®)

and f(x) = g(x) for allx € [0, 1].
If f = g, then f{ix) = g(x) for all x € [0, 1] and

{1fx)-gx)|:x€[0,1]}={0}. e
Hence
d(f g)=0. (10)

3. d(f, g) =d(g f) for all f, g € X because

| fix) - g(0) | = | 8(x) - fix) |- 1y

4. d(f, by = d(f, g) + d(g, h) (1)
because forallf, g, h€EX

| f0) = hx) | = | fix) - 8(e) | + | () — k() | (13)

for all x € [0, 1].

® PROBLEM 10-6

1. Let (X}, d,) and (X,, d,) represent metric spaces. Show that (X; x X5,
d) where

d((x1, x2), (01, ¥2)) = di(x1, y1) + da(x2, y2) ey

for x,, y; €EX, and x,, y, € Xj, is a metric space.

2. Applying (1), define a metric on a Cartesian product of n metric
spaces X; x X, x ... x X,

SOLUTION:
1. Since d, and d, are metrics
dy(x1, y1) 2 0 and dp(x2, ;) 2 0 )
and
d((x1, X2), (y1,¥2)) 2 0
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for all x;, y; € X; and for all x,, y, € X,.

Similarly since dy(xy, y1) = d\(y1, ¥1) and dy(x, ¥5) = d(y,, x;) we have

d((x1> x2), (Y1, ¥2)) = d((y15 y2), (x15 X2))

d((x1, X2), (Y1, ¥2)) = 0 iff (xy, x2) = (¥, y2)-

Suppose d((xi, x2), (y1, y2)) = 0 then
dy(x1,y1) =0 and dy(xz, y;) = 0.

Thus
x;=y; and x;=y;0r (X1, %2) = (¥1, y2)-
If (x1, X2) = (y1, ¥2), then
di(x1,y1) =0 and dy(x,, y;) = 0.
Thus
d((x1, %2), (¥1, ¥2)) = 0.
Now, we will show that

d((x1, x2), (21, 22)) s d((x1, x2), (Y1, ¥2)) + (V1 ¥2)s (21, 22))-

Indeed, since d, and d, are metrics

d((x1, x2), (21, 22)) = dy(x1, 21) + dy(x, 2) <
sdy(x1, y1) + di(y1, 21) + dao(x2, y2) + do(y2, 22) =
= d((x1, X2), (Y1, ¥2)) + d(y1, ¥2); (21, 22))-

2. If (Xy, dy), Xy, dy), .., (X,,, d,) are metric spaces, then
dx y) = di(x1, 1) + - + dp (X, Yn)

isametricon X x X, x ... x X,.

4)
©)

©)

(7

®)

®

(10

(11)

® PROBLEM 10-7

The following metrics are defined on R?
0 if (x,y)=(x,y),
1 if (xpyl) = (x29YZ)

dl((xl’yl)’ (xz’yz) = {

dy (53 ey ) = o Gy = %)+ Oy = y,)
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a3 ((x1:01):(x2,¥,))
dy((x 1), (%2, ¥2))

le "le"'lyl ".YZI
max (lxl -Xy I’Iy] i &) l)'

Find the ball of radius 1 and center (0, 0) with respect to metrics d, d, ds,
and d4.

SOLUTION:
DEFINITION OF A BALL

The convex set

Bfa, r)={x:d(x,a) <r}
is called an open ball of radius r and center a.

We have B, ((0,0),1) = {(0,0)}.
y

(0, 0) X

FIGURE 1 FIGURE 2
Figure 2 illustrates ﬂllle dy-ball, B dz((O,O), 1).

(1.1

(1,0)

-1.-1) (-1

FIGURE 3 FIGURE 4
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B, is shown in Figure 3.
3

Bd4 is shown in Figure 4.

Sometimes when it is obvious what metric is used we shall write B(a, r)
instead of Bfa, r).

® PROBLEM 10-8

1. Describe explicitly the ball B(xo, r) in the metric space (R, d) where
dx y)=|x-y|.

2. Let C[0, 1] be the collection of all continuous functions on [0, 1]

with the metric defined by
d(f, g) =sup { | f(x) - gl |: xE[0,1] }. 1

Find the ball B(f;, €) where f; is a continuous function and € > 0.

SOLUTION:
1. The ball B(xy, r) is shown in Figure 1.

Xg—T XO xo+r

N
N

FIGURE 1

The ball consists of all the points x on the real axis such that

|x—xq|<r or xo—r<x<xg+r ?)

= g(x)
fo(x)

10

FIGURE 2
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2. Let fy be a continuous function as given in Figure 2. The open ball B(f;, €)
consists of all continuous functions which lie in the area bounded by, (and
excluding), the lines at f; — € and f;, + &.

® PROBLEM 10-9

Prove this theorem:
THEOREM

Let B(xy, r) be a ball. For every point y € B(xy, r), there exists a ball
B(y, r’) such that

B(y, r’) C B(xp, 1)

SOLUTION:
Point y € B(x, r) hence
d(xp, y) <. V)
g) B(y. ')
B(xq .1)
FIGURE 1
Let us define
r'=r—d(xp,y)>0. 3
We will show that
B(y, r’) CB(xg, 1) 4
Suppose
x€B(y, r) ©)
then
dix, y)<r’ ©)
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or
d(x, y) < r — d(xo, y)

d(x, y) + d(xo, y) <1 ()
But d is a metric, so
d(x, xp) sd(x,y) +d(y, xp) < r. 8)
Hence
d(x, xg) <r
and
x € B(x, ). 9)

® PROBLEM 10-10

1. Prove that if B; and B, are balls with the same center, then one of
them is a subset of the other.

2. Prove this theorem:
THEOREM

Let B; and B, be balls and let x € B; N B,. Then, a ball B exists such
that

xEBCB,NB,

SOLUTION:

1. Let By(xg, r1) and B;(xy, r,). Since r; and r, are real numbers, we have ei-
ther ry < r, or r, < ry. Suppose r; < r,. Then if x € B;(xy, r{) we obtain d(xg, x)
<rsr,.

Thus d(xg, X) < r, and x € B,(x9, r,).

If ry < ry, then B,(xg, r;) C By(xg, 1)-

2. Let x be a point, such that
xE€B,NB,. 2)
Then
x€B; and x E€B,.
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By Problem 10-9, if x € B(xy, r1), then a ball B"; (x, r’y) exists such that

x € B’l C Bl. (3)
Similarly, a ball B"y(x, r”,) exists such that
x e B’z C Bz (4)

as shown in Figure 1.

FIGURE 1

The balls B”; and B”, both have the same center. By part 1 of this prob-
lem, one of them is contained in the other. Suppose

B’, CB,. )
Then
x€EB,CB"CB,. 6)
Let B = B”,, then
xE€EBCB;NB,. )

® PROBLEM 10-11

1. Let R be the set of real numbers with the absolute value metric.
Show that the open interval (0, 1) is an open set.

2. Show that the ball
B(xg, r)={x:d(x,x) <r} (€Y)

is an open set.
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SOLUTION:
DEFINITION OF AN OPEN SET

Let (X, d) be a metric space. A subset A C X is said to be open, if for ev-
ery x € A, a ball B(x, r) exists such that

xEB(x, r) CA.

|
FIGURE 1
1. Letx € (0, 1), then
O<x<1. 2)
We define
r=min {x, 1 —x}. 3)
Then
B(x, r)C (0, 1) @
x 1=% 4
0 —
S
X=r X+T
FIGURE 2
Any open interval (a, b) is an open set.
2. Consider ball (1). Let
y € B(xg, 1). &)

Then d(xg, y) < r.
By virtue of Problem 10-9, we conclude that a ball B“(y, ") exists such
that

y EB(y, r) CB(xo, 1) (6)
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By, )

B(xq o)

FIGURE 3

® PROBLEM 10-12

Prove the following:
THEOREM

Let (X, d) be a metric space. Then
1. X, ¢ are open sets,
2. the intersection of any two open sets is an open set,

3. the union of any family of open sets is an open set.

SOLUTION:
1. Ifx&Xandr>0,then
B(x, r)CX. 1
Hence X is an open set.
For eachx € ¢ and any r > 0,
B(x r)C¢. @)

Hence ¢ is an open set.

2. Suppose A and B are open subsets of (X, d) and x EA N B. Since both A
and B are open, balls exist such that

By(x, 1) CA

By(x, ) CB. ()
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Setting
r = min(ry, ;) 4
we obtain
B(x, ' CANB. )
Hence A M B is an open set.

3. Let UA, be a union of a family of open sets. Suppose
a

x EL&J A, ©)
Then an open set A, exists such that is a member of this family and
xEA, @)
and since A, is open
xEB(x,r)CA, C t&JAa ®

® PROBLEM 10-13

Let (X, d) be a metric space. Show that a subset A C X is open if and only

if A is the union of a family of balls.

SOLUTION:
We shall prove

(Aisopen) < (A= UB) (1)

<= In Problem 10-12, we proved that the union of any family of open sets is
an open set. In Problem 10-11, we proved that a ball is an open set. Hence
A= UB,- is an open set.

=

= Suppose A is an open set. Then

VxE€A 3IB(x r) CA. 2
Therefore UB(x,r) CA
xeA ©)
But the ball B(x, r) C A exists for every x € A. Hence
A=JB(xr). 6))
XEA
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® PROBLEM 10-14

Show that the closed interval [0, 1] is a closed subset of R with the abso-
lute value metric.

SOLUTION:
DEFINITION OF A CLOSED SET

Let (X, d) be a metric space. A subset B of X is said to be closed in (X, d)
when its complement X — B is an open set in (X, d).

We shall show that the set R — [0, 1] is open in R.
Suppose

xER-[0,1] 0]

Then, either x > 1 or x < 0. We can assume that x > 1, (the proof for x < 0 is
similar).

0 1 X
FIGURE 1
We have
0<d=x-1 @
and
B(x, ®,) CR-[0,1]. (3)

Therefore R - [0, 1] is an open set and [0, 1] is a closed set.
Similarly we can show that a closed ball in the metric space (X, d)

B(x,r)={y:dxy)=r} @

is a closed set.

® PROBLEM 10-15

Prove the following:

THEOREM
Let (X, d) be a metric space. Then
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1. X and ¢ are closed subsets of X,

2. the union of two closed sets, hence of a finite number of such sets, is
a closed set,

3. the intersection of any family of closed sets is a closed set.

SOLUTION:
1. ¢ is an open set, therefore X — ¢ = X is closed, because it is a complement

of an open set. X is an open set, therefore ¢ is a closed set because ¢ = X — X.

2. Suppose B, and B, are closed sets. Then X — B; and X — B, are open sets.
We have

X-(B1UBy) =(X-B)) N (X-By) )
Since X — B, and X — B, are open sets, (X — B;) N (X — B,) is an open set. Hence
X-(B; U B,) is a closed set.

3. We shall show that

B, 0)
is a closed set when all B,’s are closed sets.
X-(NB.)=U(X -B,) 3)

Suppose all sets B, are closed. Then all sets X — B, are open sets and their
union |J(X - B, )is an open set.
a

Therefore X - (ﬂB 0l) is an open set and OB ais a closed set.
a

® PROBLEM 10-16

Which of the following subsets of (R?, d) where d is the Pythagorean
metric are closed?

L {(y):x=2}.
2. {(» y): x, y are integers}.

3. {Gey):y =x?}.
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4. {(x y): x2+y?=<1 and x<1}.

5. {(xy):x2+y2>2}.

SOLUTION:
y
1. A -
o
X
FIGURE 1
This is a closed set because R? — {(x, y) : x = 2} is open.
2. yi (1,2
2 X X

1.1

{

FIGURE 2
This set is closed.

3, y oA

FIGURE 3
This set is closed.
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FIGURE 4
This set is neither closed nor open.

5.

FIGURE 5
Since the circle x2 + y? = 2 is not in the set, then the set is open..

® PROBLEM 10-17

DEFINITION OF CONVERGENCE

A sequence of points (x,) of a metric space (X, d) is convergent to the
point x of this space, if the sequence of real numbers d(x,, x) is conver-
gent to zero. The point x € X is called the limit of the sequence (x,). We
write

x=limx, 6))

n—»o
|
Write down this definition using the symbolism of logic.
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Given an example to illustrate that a given sequence can be conver-
gent with respect to one metric and not convergent with respect to
another metric.

SOLUTION:

The definition of a limit point may be written in symbolism of logic as
follows:

(fim 2n =) = fim (0 =0) =

=Ve>0 JkEN VnEN
(n>k)=(d(x,,x) <€) @

Xy Xy B(x, €)

FIGURE 1

If nll_rfo n =%, then for any ball B(x, €) all but a finite number of elements of

(x,) are located inside the ball B(x, €).
Suppose the set of real numbers R is equipped with the metric d,(x, y) = |
x —y | and with the metric

dz(x9})) = {

0 when x =y

1 when x =y

The sequence (1/,) is given. In the space (R, d,), this sequence is convergent.
In the space (R, d,), this sequence is not convergent.

® PROBLEM 10-18

Is it possible for a convergent sequence to have two different limits?

SOLUTION:

Let (X, d) be a metric space. Suppose sequence (X,) has two different
limits x; and x5, x; = x,. Then
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Sl M

X =y @)
Since x; = x, we have
d(xy, x) =a>0. 3
From the triaﬁgle inequality
d(xy, X2) s d(xy, X1) + d(Xy, X2). )
From (1) and (2) we obtain
,,li_ﬂ,d(x"’xl) = Jtr:od(xn,xz) =0. 5)

This is a contradiction with (3). Hence x; = x,. The sequence can have only
one limit.
The same result can be reached “graphically.” Since x; = x,

d(xl, X2) =a>0. (6)

B(x,, 4&)

B(xy, 3)

FIGURE 1

Balls B(x,, %/,) and B(x,, ¢/,) are disjoint and each contains all but a finite
number of elements of (x,). Contradiction.

® PROBLEM 10-19

Let X be the set of all functions from [0,1] into itself with the metric d
defined as follows

d(f, g) = least upper bound { | {x) — g(x)|: x €[0, 1] }. 1)
Check the convergence of the sequence (f,) where f,(x) = x".
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SOLUTION:

The elements of the sequence are
X X33, % .., xn . 2

FIGURE 1

Figure 1 shows the first few elements of the sequence. We see that the
sequence “converges” to the function

0 for x=1
f(x)={l for x=1 ®)

Here, the sequence of continuous functions “converges pointwise” to the

function which is not continuous.
It converges to fin the sense of metric defined by (1).

d(f,, /) = least upper bound { | x*— fix)|: x€[0,1] } 4

and
lim d(f,.f) = 0. 5

® PROBLEM 10-20

Prove the following:
THEOREM
A sequence of points z, = (x,, y,) of the space Z = X x Y is convergent to
the point z = (x, y), if and only if
x = lim x, Q)

n —so

y=limy, Q)

n—so
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SOLUTION:

Suppose X = lim x, and y = lim y,.

Let € > 0, then kK € N exists such that for n > k

dy(x,, x) <€ and dy(y,, y)<Ee. 3)
Let us define
d(z0,2) = A& (0s3) + L One).- @
Then
d(z,,2) < 5‘\/5 (5)
and .
nh_rg Z,=2z. ©)
Then k exists such that for n > k
d(z,,z) <€ @)
and
d(20,2) = A (i) + demry) <& ®)
Thus
di(x,,x)<e for n>k 9)
ie.,
AR n =% (10)
Similarly, we obtain
dy(yny) <€ for n>k (11)
ie.,
limy, =y. (12)

n—» 0

® PROBLEM 10-21

Show that the function f(x) = 2x + 1 is continuous,

f:R—R
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SOLUTION:
DEFINITION OF A CONTINUOUS FUNCTION

A function f: X — Y, where (X, d) and (Y, d,) are metric spaces, is said to
be continuous, if for every f(a) € Y and any positive number ¢ > 0, there is a
positive number & > 0 such that if x € B(a, ), then f(x) € B(f(a), €).

|
f:X->Y

T (¥, d)

X d)

FIGURE 1

(x € B(a, 8)) = (fix) € B(f(a), £))

In practical applications, this definition is rather difficult to deal with.
Some other methods of establishing the continuity of functions will be shown
later. Let us rewrite the definition using symbolic notation.

f: (X, d) — (Y, d,) is continuous if

VAa)EY Ve>0 36>0 such that

(d(x, a) < d) = (di(f(a), fix)) < ¥)
Let fla) = 2a + 1 and & > 0. We can choose 8 = ¥/, if | x—a | < 8 = ¢/,, then
|[fx)-fla)|=|2x+1-2a-1]|=

=|2x-2a|=2|x-a|<2-¢,=¢.

Hence, the function is continuous.

® PROBLEM 10-22

To determine whether or not a function is continuous, this theorem can

be used:
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THEOREM

f: X d)— (Y, dy)
(fis continuous) <> (V BCY, Bisopenf ~(B)isopen) (1)

[ |
Prove it.

SOLUTION:

= fis continuous and A is an open subset of Y. We need to show that
frA)={x€X: flx) €A} ()

is an open subset of X.
Let x € f ~1(A) , then fix) EA. Since A is open there exists an & > 0 such
that

B(fix), €) CA. 3)
Since fis continuous, then there exists a & > 0 such that
fIB(x 8)] C B(flx), e) CA 4
as shown in Figure 1.
f: XY
* g — X

—— —

FIGURE 1

Therefore
B(x, ) Cf1(A). (5)

For x € f-1(A), a & > 0 exists such that (5) is true; hence f~1(A) is an open
subset of X.

<= Suppose that if A is an open subset of Y, then f-!(A) is an open subset of
X.If fla) €Y and there exists an € > 0, then

B(f(a) , £) (6)
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is an open subset of Y.

Thus,
f[B(fa), €)] (7)
is an open subset of X. There exists a 6 > 0 such that
B(a, 3) Cf~'[B(fla), €)] ®)
or
fiB(a, 9)) C B(f(a), €). ©)

Therefore fis continuous.

® PROBLEM 10-23

Prove the following useful:
THEOREM

Letf: (X, d) > (¥, ;) then

(f is continuous) <

(for any B(y, r) in Y, f~!(B) is an open set of X)

SOLUTION:

=> Suppose f is continuous and B is any ball in Y. Then B is an open subset
of Y. By theorem of Problem 10-22, f-1(A) is an open subset of X.

<= Suppose for any ball B CY, f~1(A) is an open subset of X.

B(f(a),&)

FIGURE 1

Let f{a) be any point in Y and € be any positive number. Then B(f(a), €) is
aballinY.
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The set f~1[B(f{a), €)] is an open subset of X. We have
a € f[B(f(a), ¥)]. 2

Set f~1(A) is an open subset of X (not necessarily a ball). Hence a ball B(a, 3)
exists such that

B(a, 8) C f'[B(f(a), €)]. 3)
Thus
(x € B(a, 9)) = (fix) € B(f(a), €)).

Function fis continuous.

® PROBLEM 10-24

Consider the function
f(x’ y)=x

f: (RZ’ dl) - (R’ d2)

4509 (592) = A 5y =%,) + 0y —y,)

dz(x,y)=|x—y|

Show that f is continuous.

SOLUTION:

We shall use the theorem proved in Problem 10-23.
Let B(a, r) be any ball in (R, d,). Then B(a, r) is an open interval (a —r,
a+r)inR.
The set f-![B(a, r)] is
fH@-r,a+n]={(xy);a-r<x<a+r}.

This set is shown in Figure 1; it is an open subset of RZ.

Hence, the function defined by (1) and (2) is continuous.
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d|

FIGURE 1

® PROBLEM 10-25

Find the limit of the sequence

sin (1 + 1/,)"

SOLUTION:

Consider the sequence (1 + 1/,)". Its limit is
lim(1+ ) =e V)
n—so

Now we shall apply the following:

THEOREM
Let f: (X, d) = (Y, d,). Function fis continuous, if and only if given any
sequence (x,), such that
limx, =x, lim f(x,)= f(x). B
n—so n—o
A continuous function preserves the convergence of a sequence. Function
f(x) = sin x is continuous. Therefore, since

lim(1+1)y — e €)
we have T
lim {sin(1 + 1)} = e. @)
n—so
Sometimes we shall use
Xy X ©)
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to indicate
limx, =x.

n—>w

® PROBLEM 10-26
1. Which of the following sets are bounded?
closed interval [0, 1] in R
ball B(0, 1) in R?
half-linex < 0in R

. Which of the following functions are bounded?

fix) = x?

fix) =sinx

SOLUTION:

1. LetA be a subset of (X, d).
DEFINITION

Consider the set A. The diameter of A, denoted by delta (A) is the least
upper bound of the distances d(x, y) between all pairs of points x, y € A. Sets
with finite diameter are said to be bounded. For simplicity, we write “least
upper bound” as “lub.”

Interval [0, 1] is bounded in (R, d) where d(x, y) = |x -y |.
The ball B(0, 1) is bounded.
Half-line, x < 0 is not bounded.

2. DEFINITION
A mapping f: X — Y where Y is a metric space, is called bounded if the
set f(x) is bounded.
|

Function
f:R—R
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fix) =x?
maps R onto [0, «). Hence
fiR) = [0, =).

The set [0, ) is not bounded, hence the function is not bounded.
Function f{(x) = sin x maps R onto [- 1, 1] hence the function is bounded.

® PROBLEM 10-27

Prove the following:
THEOREM 1

The set (X, Y) of all bounded mappings f: X — Y, where X is an
arbitrary set and (Y, d) a metric space, is a metric space with metric
defined by

dy(f, 8) = sup d(f{x), g(x))- )
|

SOLUTION:

First let us prove:
THEOREM 2

If fand g are bounded mappings to the set X into the metric space (Y, d),
then the metric

di(f, 8) = sup d(fix), g(x)) )

is finite.

|
Let a be a given element of X. Then

d(f(x), 8(x)) = d(f(x), (a)) + d(f(a), 8()) =

= d(fix), f(a)) + d(f(a), g(a)) + d(g(a), &(x))- )
Hence
di(f, 8) = 8[fX)] + d(fa), g(a)) + d[g(X)]. 4
|
We have
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di(f,g)=0 forall f, g

di(f g)=0 iff f=g
Indeed, if sup d(f(x), g(x)) = 0 then f{x) = g(x) for all x E X.
di(f, 8) =di(g f)forall f, g

di(f, ) = sup d(fix), g(x)) =
= sup [d(f(x), h(x)) + d(fix), ()] =
= sup d(fix), h(x)) + sup d(h(x), g(x)) =
=dy(f, h) + dy(h, 8)-

Hence d, defined in (1) is a metric.

©)
(6)

()

®)

® PROBLEM 10-28

1. Show thatif A = ¢ and B = ¢ and A C B, then
d(A) s 8(B).

2. Show thatif A N B = ¢, then
(A U B) < d(A) + O(B).

SOLUTION:
1. We have

8(A) = lub d(x, y)

where x, y EA.
Note that since A C B

d(x, y) s d(x, y)

forx, y EA.
Then,

lubd(x,y) = lubd(x,y)
where x, y EA where x, y €EB

405

€)

“4)

©)



and
d(A) = d(B). (6)

ANB=0

FIGURE 1

Let us define the distance between sets A and B

d(A, B) = greatest lower bound {d(a, b) : a EA, b € B}. )
Then, for any subsets Aand B of (X, d)
(A U B) < d(A) + 8(B) + 8(4, B). ®)
But A N B = 0 therefore
3(A, B) = 0. ®
Hence
d(A U B) < 8(A) + &(B). (10)

® PROBLEM 10-29

Let (X, d) be a metric space. Show that a subset A of X is closed, if and
only if foranyx EX-A,

O(x, A) =0 )

where

d(x, A) =: greatest lower bound or (glb) {d(x, a) : a EA}.  (2)

SOLUTION:

Suppose A is a closed set, then X — A is open. Hence for any x EX A4, a
ball B(x, r) exists such that

Bx,r)CX-A 3
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B(x,r)

X-A
FIGURE 1
Then
O, A)=r 4)
and
d(x, A) = 0. )
Now suppose, for any x EX - A, d(x, A) = 0.
Let
r=28(s A) ©)
then
B(x, r) CX -A. @)

Hence X — A is open and A is closed
A=X-X-A). €))

® PROBLEM 10-30

Let (X, d) be a metric space. Show that if A and A" are closed subsets of
X, such that A N A” = ¢, then open sets B and B~ exist such that

ACB, A°CB, BNB =¢. (1)

SOLUTION:
Let us define for eachx EA
re=1,805 A% )
and for eachx”" €A’
r'.="1,8x',A) 3)
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FIGURE 1

We define
B= LAJB(x,rx)

B'=UB(x'",r'y) 0
Both sets B and B~ are open because they are the union of a family of open
sets (balls).

Since the union has taken over all the elements of A

ACB 8)
similarly
A°CB". (6)
We will show that B N B” = ¢.
Suppose on the contrary
xEBNB. )
Then for some y EA
oy, x)<r, ©)
and for some y" €A’
3y, x)<ry )

Suppose r, = r’y-, then

3y, y)s0(y, x) +8(y,x)<r,+r’y s

s2r,=0(y,A") (10)
where 8(y, y°) = d(y, y)- But

3y, y)=d(y, A). (11)
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Hence a contradiction,
BN B =¢. (12)

Two closed disjoint sets are well separable, in the sense that it is possible
to put them into two open sets, which again are disjoint.

® PROBLEM 10-31

Consider the metric space (R?, d) where d is the Pythagorean metric. Let
A be the hyperbola y = 1/, and A" the x -axis. Find the open sets B and B’
as described in Problem 10-30.

SOLUTION:
Both sets
A={(6y):y="x=0} M
and
A ={(xy):y=0} )
are closed and
ANA =¢. 3)

FIGURE 1

At first glance, it seems impossible to find the separating open sets B and
B’ because

84, A)=0 @)
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i.e., the distance between A and A~ is zero. Function y = !/, has the x-axis for an
asymptote. Such sets B and B, however, exist.

B={(xy):Yox<y<'fr+1} ®)
B ={(xy):—1<y<l/p}. (6)

Both B and B’ are open. We have
ACBand A"CB’ (7

BNB =¢.

® PROBLEM 10-32

1. Let (R, d) be the space of real numbers with the absolute value
metric and let

A ={Y,:nEN}. 6))

Find the closure of A.

2. Show that for any subset A of X, the closure of A is a closed subset
of X.

SOLUTION:

DEFINITION OF THE CLOSURE OF A

Let (X, d) be the metric space and A C X. The closure of A, denoted by A
(sometimes by C(A), is defined by

A= {xEX:8xA)=0}. )
]
1. Since 1/, — 0, we have
3(0,A) = 0. €)
Foreachx €A,
(x, A)=0 Q)
Therefore
ACA. C)
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From (3) and (5) we obtain

AU {0}CA. (6)
Suppose x EA and x& A U {0}. Then
d(x, A) > 0. @)
We conclude that
A U {0} =A. ®)

2. Sugposex is not closed. Then X — A is not open and there is an element x
€ X — A such that for every € > 0

B(x €) NA = ¢. 9)

B(y.€)

FIGURE 1
Choose y €EA N B(x, €). 10
Since B(x, €) is open, 6 > 0 exists such that
b(y, d) A B(x, ¢). (11)
On the other hand y €A, then
3@y, A) = 0. (12)
Therefore, a exists such that
a €A N B(y, d) CB (x, €). (13)
Hence, for any € > 0, there is a € A such that 8(x, a) < €
greatest lower bound { 3(x, @) : a EA} = d(x, A) = 0. (14)

Therefore x EZ, but we assumed that x € X — A. Contradiction.
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® PROBLEM 10-33

Prove:
THEOREM

The limit of a uniformly convergent sequence of bounded mappings
is bounded.

SOLUTION:

DEFINITION OF UNIFORM CONVERGENCE

Letf, : X = Y, n €N, where X is an arbitrary set and (¥, d) is a metric
space. The sequence (f;,) is said to converge uniformly to f of

Ve>0 JkEN VxEX Vnzk dfix),fx)<e. Q)
]

Consider the space ®(X, Y) of all bounded mappings f : X — Y with the
metric defined by

d(f, g) =: sup {d(fix), g(x)) : x EX}. @
We have
(11, 1) = (1m0
= Ve>03IkEN Vnzksup{ld(f,(x), f(x)} <€ =
= Ve >03dk EN VnzkVx €X d(f,(x), f(x)) <Ee. €))

Thus, in the space ®(X, Y) the condition lim f, = f means that the se-
quence (f,) converges uniformly to f.

Let € > 0 and let f, — f, (f,) be a uniformly convergent sequence of
bounded mappings. We choose n such that

dif,,f) <e. 4
We have
d(fix1), fix2)) s d(f(x1), fuxn)) + d(fu(x2), fix2)) +
+d(f,(x1), fu(%2))- ©)
Thus
O[N] = 8[f(X)] + 2¢ (©6)
and fis bounded.
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® PROBLEM 11-1

1. Let X denote any set and P(X) a family of all subsets of X. Show that
P(X) is a topology.

2. Find a topology on X, which contains as few as possible subsets of
X.

SOLUTION:
DEFINITION OF TOPOLOGY

T is a topology on X, if and only if
1. TCPX)

2. ¢€TandXET

3. If A, A, €T, then A; N A, €T, i.e., each finite intersection of members
of T is also a member of T.

4. Each union of members of T is also a member of T.

DEFINITION OF TOPOLOGICAL SPACE

A couple (X, T) consisting of a set X and a topology T on X is called a to-

pological space.
n

1. Since P(X) is a family of all subsets of X, P(X) is a topology. This topol-
ogy is called the discrete topology on X. It contains the maximum possible
number of sets.

2. Let X represent any set. The collection T = {¢, X} is a topology on X.
This topology is called the indiscrete topology (or trivial topology) on X. It
contains the fewest possible number of sets.
Elements of topological spaces are called points. The members of T are
called the open sets of the topological space (X, 7).
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® PROBLEM 11-2

Let X = {a, b, ¢, d} and T, = {{a}, {a, b}, {a, ¢, d}}. Find a few possible
topologies T on X, such that

T,CT. 1)

SOLUTION:

Each union of members of T is also a number of T (see Problem 11-1).
Hence

{a, b} U {a,c,d} ={a, b, ¢, d} = X. 2)
One of the possible topologies on X is
Ty = {9, X, {a}, {q, b}, {a, ¢, d}
I, CT, 3
Suppose {b} € T,, then
T, ={$, X, {a}, {b}, {4, b}, {a, , d}}. 4)

T, is a topology and Ty C T,.
Suppose {c} € T3, then

T3={, X, {a}, {a, b}, {4, ¢, d}, {c}, {q, c}, {4 b, c}}. ©)
Suppose {d} € T, then
Ty= {9, X, {a}, {a, b}, {4 ¢, d}, {d}, {a d}, {q, b, d}}. ©6)
Suppose {b} € Ts and {c} € T then
Ts= {9, X, {a}, {q, b}, {a, ¢, d}, {b}, {c}, {a c},
{a, b, c}, {be}). )
Suppose {b} € T and {d} € T4 then
Ts={$, X, {a}, {a, b}, {q, ¢, d}, {b}, {d}, {4, d},
{b, d}, {a, b, d}}. ®
Suppose {c} € T; and {d} € T, then
T;={$, X, {a}, {4, b}, {a, ¢, d}, {c}, {d}, {a c},
{a, d}, {a b, c}, {4 b, d}, {c, d}}. €)
Now let Tg = P(X)
Tg= {9, X, {a}, {b}, {c}, {d}, {4 b}, {q, c}, {4 d}, {b, c},
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{b, d}, {c, d}, {a, b, c}, {a, b, d}, {a, ¢, d}, {b, ¢, d}}. (10)
Suppose {a, c} € Ty then
To= {9, X, {a}, {4, b}, {a, c}, {4 ¢ d},{a b, c}}. (1)

® PROBLEM 11-3

Let R represent the set of real numbers. Subset A CR is called open if for
each x € A, there is an r > 0, such that

B ry=:{y:|y-x|<r}CaA 1)

(R, d), where d(x, y) = | x~y | is a metric space. Let T denote the family
of all open sets (in the sense defined above). Verify that T is a topology
onR.

SOLUTION:

Obviously ¢ and R are open sets.
¢E€T, RET. 2

Suppose Ay, ..., A, are open sets, then

NaA,€erT.
Indeed 1

(x E("'] A) = Vk,xEA) =
1
= (Vk3n, > 0: B(x,n) CAy) =
( B(x,r)C ﬁ Ag
= 1
where r = min{rl,rz,...,r,,}J )

Suppose each member of {A,, : w € Q} is open, then LwJA  is also open.
x€lUAy) = (Aw:xEA, ) =
w

= (3r>0:B(x,r)CcA,ClUA,) 0

Topology defined above is called the Euclidean topology on R’. The to-
pological space (R’, T) is called the Euclidean 1-space.
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® PROBLEM 11-4

Let (X, d) denote a metric space. Consider the family T of all d-open

subsets of X| i.e., subsets which are open in the sense of metric d.
Show that T is a topology on (X, d).

SOLUTION:
Let us recall the definition of an open set A. A is open iff
Vx€A 3B(xr): B(x, r) CA. 1)
An empty set and the whole space are open sets
0€ET, X€ET 2
n

Suppose Ay, ..., A, are open sets. Then () A, is an open set.
1

(x EﬁAk)=>(Vk X EA) =
1

= (VkIr, : B(x,n,) C Ay) =
= (Vk : B(x,r) C A, where r = min{r,...,r,}) =

= (B(x,r)C (nl\ Ap).

(€)
Now, let A, denote a family of open sets, then |_JA ,, is an open set.
a
xeUA)=>(Fa:xEA) =
a
= (3B(x,r): B(x,r)CA, ClUA,. @)
a

Topology T described here for the metric space (X, d) is called the metric
topology induced on X by d. Each metric space (X, d) can become an “auto-
matically” topological space (X, T). Different metrics on X will induce in
general different topologies on X.

® PROBLEM 11-5

1. Define the topological space Z and the Sierpinski space.

2. Suppose T is a topology on X, consisting of
T = {¢, X, A, B} 1)
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where A and B are non-empty distinct proper subsets of X. Determine
conditions on A and B.

SOLUTION:

1. LetX = {0, 1}. Then the discrete topology on X, T = P(X), is denoted by

Q.
T= {¢’ {O’ 1}9 {O}’ {1}}

The set {0, 1} with topology
T ={¢, {0, 1}, {0}}

is called the Sierpinski space.

2. Since T defined by (1) is a topology
ANBET={9,X,A, B}.

We have either

ANB=¢
or ANB=A
or A NB=8B.

Suppose A N B = ¢. Then
AUB=A and AUB=B and AUB =¢.

Hence
AUB=X
{A, B} is a partition of X.
Suppose now A N B = A then
$CACBCX.
If AN B =B then
GCBCACX.

418

@

&)

@

©)
©)
¥

®

©)

(10)



® PROBLEM 11-6

Let f: X — Y denote a function of X = ¢ onto a topological space (Y, Tj).
Show that the family T of subsets of X, defined by

T ={f(B): BE Ty} 1)

is a topology on X.

SOLUTION:
T, is a topology on Y. Therefore
o, YET, )
Since fis onto
fin =x. 3)
Also @) =9 (4)
Thus o, XET. )
Let {A, : € Q} represent a family of sets in 7. Then for each ®
fBw)=A, B,ETo (6)
We have
Ua, =Ur'8,) =1~ (UB,) @
® w ®
Since T is a topology
Lu_)JBw €T, ®)

therefore (A, ET .
LetAl,u;lz € T. Then sets By, B,, € T exist, such that
f{B)=A, and f(B))=A; (€)
Then

A NA =f(By) N f(By) =f7(B1 N By). (10)

Since T is a topology and B, B, € T, the intersection B; N B, € T. There-
fore

fIBINB)ET and A, NA,ET. (11)

Thus (X, 7) is a metric space.
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® PROBLEM 11-7

Consider set N with the family T of its subsets consisting of ¢ and all sets
of the form

Av={kk+1,k+2,..}k=1,2,3, .... (1)
Show that T is a topology on N.

SOLUTION:

A={1,23,...} 2
Thus

¢ET and NET 3
Suppose Ay, A, ET. Then either k > lork < lork = L. If k > [, then

AkﬂA,=AkET (4)
if k < l, then Ak ﬂA, =A1 eT. (5)

Also if k = l, thenAk ﬂAk =Ak eT. ThllSAk ﬂA, =T.
Let {A;} represent a family of sets of the form (1). Then

p=min {i}, i, ...} (6)

and

UA,.=AP={p,p+l,p+ 2,...}. )
Thus T is a topology on N.

® PROBLEM 11-8

1. Show that intersection of any family of topologies on X is also a to-
pology on X.

2. Show that the union of topologies does not have to be a topology.

SOLUTION:

1. Let{T, : w € Q} be a family of topologies on X.
VoeR: ¢,XET,
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Hence ¢, x Erym- (1)
Suppose A,BE( YT,

ABeET,)=>(VYw:A,BET,) =

= (Yo:ANBET,)=(ANBENT,). @)

Suppose {A;} is a family of sets such that
(Vi:A, GﬂTm)=>(VchoAi€Tw)=>

=>(VmUA ETw)s(LJA EWw) 3)

Hence if {T,,: w €EQ}is a famlly of topologles onX then nT is a topology
on X.

2. Consider the set

X={a b, c} 4)
and two topologies on X
Ty = {¢, X, {a}} S
and
T = {¢, X, {b}} ©6)
Then
I,UT,={¢,X, {a}, {b}} (M
is not a topology because
{a} U {b} ={a b} €T, UT,. ©)

® PROBLEM 11-9

How many distinct topologies can a set consisting of three elements
have? What is their partial ordering?

SOLUTION:
Let

X={a b, c}. 1)
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The possible topologies on X are

Tl = {¢9X}
T2 = {¢, X9 {a}}9 T3 = {¢’ X’ {b}}’
T4 = {¢9 X’ {C}}, TS = {¢’X’ {a’ b}}
T6 = ... (2)
and so on.
Consider the set P(X)
PX) ={9, X, {a}, {b}, {c}. {4, b}, {a, c}, {b, c}} )
1 topology {¢, X}
3 topologies of the type {$, X, { - }}
where { - } indicates the set consisting of one element
3 topologies of the type {¢, X, { -, - }}
9 topologies of the type {¢, X, { - } {,'}}
3 topologies of the type {0, X, {-}, {-,- },{"," }}
3 topologies of the type {0, X, {-}, {- }, {", }}
6 topologies of the type {0, X, { -}, {-}, {:,-}, {-,' }}
1 topology P(X)

The numbers must be added up in order to obtain the total number of topolo-
gieson X = {a, b, c}.

We can introduce the relation of inclusion among topologies. For ex-
ample,

{6, X, {a}} C {$, X, {a}, {b}, {4, b}}. 4

This relation defines a partial order. Indeed, Let T, T,, T represent topologies
on X, then

(T,CT)A(T,CTs) = (T, CTy)
VT:TCT

(T, CT)A(T,CT) =(T,=T,). ®)

® PROBLEM 11-10

Prove that T is the discrete topology on X if and only if every point is an
open set.
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SOLUTION:

Let T = P(X), then T is called the discrete topology on X. Every set is an
open set. We shall prove that

(T is the discrete topology) <> (every point is an open set). 1)

= Since T consists of all subsets of X
VxEX: {x}ET. 2

< Suppose T is a topology on X, such that
VxeX:{x}€T. 3

Let A denote any subset of X. Then
A= {a}.
aEA{ } (4)
But all {a} are open sets, {a} € T and since T is a topology, the union of open

sets is an open set.
Hence, A € T, we conclude, that T = P(X).

® PROBLEM 11-11
Let X represent any set and S a family of its subsets, such that
1. X,¢€ES.
2. The union of any two members of S is a member of S.
3. The intersection of any family of members of S is a member of S.

Let T denote a family of subsets of X, such that
AET iff X-AES. (1)

Show that T is a topology on X.

SOLUTION:

Since X, ¢ ESand X-X=¢,X-¢0=X X, ¢ ET.
Suppose A|,A, ET, then X-A; ESand X-A,ES
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X-ADUX-4)=X-(A,NA)ES. ©
Therefore Ay NA, ET.

Suppose {A} is a family of subsets of T. Then {X ~A,} is a family of
subsets of S and

X -A,)ES. 03)
But )
X -A4)=X-UA, 0)
Hence X—LaJAaES andJA ET. )

Thus T is a topology on X. Elements of T are called open sets.

DEFINITION OF A CLOSED SET
Subset B of (X, T) is closed, if X — B is an open set, that is, if X —BET.

® PROBLEM 11-12

Give an example of a basis for the Euclidean topological space (R", T).

SOLUTION:
DEFINITION OF A BASIS

Let (X, T) denote a topological space. A family B C T is called a basis for
T if each open set (i.e., an element of T) is the union of members of B.

Note that if T is a topology on X, then T is a basis for T. In (R", T), the
topology is the family of sets open in the sense of the Euclidean metric.
We shall show that in R”

B={B(x,r):xER" r>0} (M

is a basis for the Euclidean topology.
Let A € T denote an open subset of R". Then

A= UB@O @

Each open set can be represented as a umon of balls. Note that (1) is not the
only possible basis for the Euclidean topology in R”.
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® PROBLEM 11-13

Let B C T, where T is a topology on X. Show that the following proper-
ties of B are equivalent:

1. Bis abasis forT.

2. For eachA €T and each x € A, there is B, € B, such that
x€B,CA.

SOLUTION:
(1) = (2) LetA€E€T. Since B is abasis for T
A= L(;le €))
where B = {B,, : ® € Q}. x EA, therefore at least one B, exists, such that
xE€B,CA. )

(1) <= (2) Suppose A € T. Since for each x E A, set B, exists, such that

B,EB 3
and
xEB,CA )]
we have
A=UB, wherex€B,, )
XEA
Thus B is a basis for T.

The following theorem is useful in describing open sets.
THEOREM

Let B C T represent a basis for 7. Then set A is open, i.e., A € T, if and only
if, for each x € A, there is a B, € B, such that x € B, C A.

® PROBLEM 11-14

Show that R" with the Euclidean topology has a countable basis.

425



SOLUTION:

Consider the family of all open balls B(x, r), such that r is a rational
number and all coordinates of x = (x, x,, ..., x,,) are rational numbers. This
family forms a countable set.

B(x,r)
& e

FIGURE 1

Let A denote any open subset of R” and let x € A. There is a ball B(x, r), such
that

xEB(x, r). (1)

We can assume that r > 0 is a rational number. We can always find a point
x’, such that

X' =", X9 0y X))
where all coordinates of x” are rational and
d(x, x) < /5. )
Then
xEB(x’,"/,) CB(x, r). 3
Thus
B = {B,(x, r) : all coordinates of x are rational,
and r > 0 is rational } 4

is a countable basis of R".
Each open set in R" is the union of, at the most, countably many balls.
If T is the Euclidean topology of R”, then

card T = 2cad N, )
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® PROBLEM 11-15

Let B represent a basis for topology T and let B” represent a family of
open sets, such that

BCB'CT. (1)

Show that B’ is also a basis for T.

SOLUTION:

Suppose A € T is an open subset of X.
Since B is a base for T

A =La_)JBw @)

where B, € B. Since B C B’, each B,, € B also belongs to B", B, EB".
Therefore

A=UB_ where B, €B". (3)
w

Hence B’ is a base for T.

® PROBLEM 11-16

A set X and a family of all open subsets of X — so called topology T —
are given. This pair (X, 7) is the topological space. Sometimes we are
given the basis B for topology T, then taking all unions of elements of

B,we find T.

We are given

\

Xand T X and d (metric) X and B (basls)

9
O,
64’%
2\o

p oulew Aq
peonpu; ABojodoy

(X, T) —=—— This Is the final product

FIGURE 1
Consider this situation. A set X and a family B of its subsets are given.
The question is: is this family a basis for any topology T on X? Prove the
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following theorem which answers this question:
THEOREM
Let B denote a family of subsets of X, such that

1. X is the union of members of B.

2. The intersection of any two members of B is the union of members
of B.

Then B is a basis for topology T on X defined by
T={A CX:A is the union of members of B}. 1)

SOLUTION:

1. X € T because X is the union of members of B. Also ¢ € T, as the union
of the empty subfamily of B.

2. Let {A,} denote a family of members of T, i.e., for each a, A, € T. But
each A, is the union of members of B

A= }({)Bﬁ(a) @
where Bp(,y) € B. Then

A= LaJ,}('(Jl)Bma) €T 3

3. Suppose A; and A, € T. Then

A =UB,
E )
A =UB

2 s P ®)

where B,,, Bg € B and
AlnA2=U(BaﬂBﬁ). ©)
a,p
The intersection of any two members of B is the union of members of B.
Hence, for each o and 8

B,NB = LijY )
and
Al nAz = U UBY(C’»B) ET (8)
af ¥

where each y depends on a and f. Therefore, T defined by (1) is a topology
and B described in the theorem is a basis for T.
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® PROBLEM 11-17

Let R represent the set of real numbers.

1. Show that the collection of open intervals is the basis for a topology
TonR.

2. (R, d) where d(x, y) = | x—y | is a metric space and hence a topologi-
cal space (R, T") with topology induced by the metric.

Show that both topologies T and T~ are the same.

SOLUTION:

1. R is the union of open intervals. Any intersection of two open intervals is
either empty or again an open interval. By virtue of theorem of Problem
11-16, the collection of open intervals in R forms a basis for a topology T on
R.

2. Let
T = {A : A is the union of open intervals} (§))

T’ = {B: B is open in sense of the absolute value metric} 2)
We will show that
AED=AET). 3)

IfA € T, then A is the union of open interals. Each open interval is a set
which is open in the sense of the absolute value metric. A union of open sets
is again an open set. Hence, A € T"

AET)=>AETD. 4)
Suppose A is open in the sense of the absolute value metric. Then
Vx€A 3B(x,r):B(x,r)CA )
But
Bx, r)=(x-r,x+7). 6)
Hence
A=UBxr=UK-rx+r). )
XEA xXEA
A is the union of open intervals, A € T. We conclude
T=T. 8)
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® PROBLEM 11-18

Let A represent a family of subsets of X, A C P(X). In general, there are
many topologies 7 on X which contain A, for example A C T = P(X). We
will show that among these topologies a unique, smallest topology
T(A) D A exists.

THEOREM

Let A = {A,} be a family of subsets of X. Then T(A) is a unique,
smallest topology containing A, when

TA) = {¢, X, all finite intersections of A,
all unions of finite intersections of A,} @)
T(A) is said to be generated by A, and A is a subbasis for T(A).

Prove this theorem.

SOLUTION:

T(A)

P(X)

FIGURE 1

Let T(A) be the intersection of all topologies containing A (P(X.) i§ one
of such topologies). By Problem 11-8 T(A) is a topology. Since it is the
intersection of all topologies containing A, T(A) is the smallest topology,
A C T(A). By definition T(A) is unique.

We will prove (1). Since A C T(A) and T(A) is a topology, T(A) must con-

tain all the sets listed in (1). N
On the other hand, the sets listed in (1) form a topology containing A and,

therefore, containing T(A).
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® PROBLEM 11-19

Let R denote the set of all real numbers and let A denote all the sets of
the form

{x:x>a} 1)
{x:x < b}

FIGURE 1

Find T(A).

SOLUTION:

By the theorem of Problem 11-18, T(A) consists of
TA) = {9, R, all finite intersections of members of A,

all arbitrary unions of finite intersections of members of A} 3

All finite intersections of members of A are open intervals (a, b). Hence, we
conclude that the

set of all open intervals C T(A). 4

The family of all open intervals forms a basis for T(A).

By Problem 11-17 the family of all open intervals forms a basis for the
Euclidean topology.

Therefore, T(A) is the Euclidean topology.

® PROBLEM 11-20

R is the set of all real numbers and A consists of all sets of the form
{x:x>a}
{x:xsb} 1)
Find T(A) (called the upper limit topology).
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SOLUTION:

To find T(A), we must first obtain all finite intersections of elements of A
(see Problem 11-18). The sets (a, b]

(a, b]={x:a<xsb} 2

form a basis for topology T(A), which is not Euclidean because (a, b] does not
belong to the Euclidean topology.

Xsb X>a

S—
X
FIGURE 1
Note that we were dealing with the situation, when a family of sets A was

given and we had to find topology T(A), such that A C T(A). Conversely, for
a given topology T, a family of sets A C T is called a subbasis for T, if

T = T(A).

® PROBLEM 11-21

LetX = {a, b, ¢, d, e} and let A C P(X) where
A={{a b ¢}, {a ¢ €}, {c d}}.

Find the topology T(A) on X generated by A.

SOLUTION:

By taking all finite intersections of sets in A and the sets ¢ and X, we find
the basis B(A)

BA) = {4, X, {a, b, ¢}, {a, ¢, e}, {c, d}, {a, c}, {c}}. @

Note that X € B and ¢ € B.
X can be considered the empty intersection of members of A. In order to
obtain the topology generated by A, we take all unions of members of B(A).

TA)={¢$,X, {a, b, c},{a ¢ e}, {c, d}, {a, ¢}, {c},{a b, ¢, e},
{a, b, ¢, d}, {a, ¢, e d}, {a c d}}. 3)
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® PROBLEM 11-22

Show that a basis determines one and only one topology.

SOLUTION:

Let X represent any set and B a collection of subsets of X. Suppose B is a
basis for two topologies T and T”, which are different.

Hence, at least one element A C X exists, such that A € Tbut A & T” (or
vice versa).

B is a basis for topology T and A € T, therefore

A=UB_€ET 1)

where B, € B for each a.
Since B is a basis for topology T, any union of elements of B must be an
element of T”. Thus,

A=|JB,ET', )
a
which is a contradiction. We conclude that
T=T.

A basis as well as a subbasis determines a unique topology.

® PROBLEM 11-23

The following theorem offers a simple method of determining if a given
family of sets is a basis.

THEOREM

Let B = {B,, : w € Q} denote a family of subsets of X, such that for
each x € B, N By and each a, B € Q B, € B exists, such that

XxEB,CB,NBy 1)

Then B U {¢} U {X} is a basis for some topology T(B) on X. T(B) is
unique and is the smallest topology containing B.
|

Prove this theorem.

SOLUTION:
By using B as a subbasis, we obtain a topology 7(B). We will show that

433



B is a basis for topology T(B).
T(B) = {¢, X, all unions of members of B} 2

It is enough to prove that each finite intersection of members of B is a union
of members of B. We will prove that for eachx € B N ... N B,, there is a B,
€ B, such that

x e B()CBI Nn... an, (3)

compare Problem 11-13.
For n = 2, (3) is true by the hypothesis. By induction, suppose (3) is true
for n—1. Then for n

XEBlnan...an_lan (4)
B exists, such that
XEBO an (5)
ByCB,N...NB,_;. (6)
Hence
XEB’OCBOanCBln ...Bn (7)
for some B" € B.

Thus B is a basis for topology T(B) defined by (2).

® PROBLEM 11-24

Let C([O0, 1]) represent the set of all continuous functions on [0, 1]. For
each f€ C and r > 0, we define

(f)={gEC [ |f-gl<n. 0

Show that the family
{K(fn:feC,r>0} @

forms a basis for some topology T on C.

SOLUTION:

We shall apply the theorem of Problem 11-23. Suppose
h € K(f1, r1) N K(f2, rp)- 3)
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Let ; |
b= V- hlia=f |
and let
R =min[r;—t, r, - t,].
Then R > 0 and
K(h, R) AK(f1, 1) NK(fp, 1)
Indeed, suppose F € K(h, R) then

le-M<R
0
and

1 1 1
folfl-Flsfolfl_h|+folh—F|<t1+(rl =t) =r,
Therefore

F €K(f,r) and FE€K(fp, 1)

because

1 1 1
fOIfZ_Flsf0|f2_h|+f0|h_F|<t2+(r2 —t) =r,

@

©)

(6)

™)

®)

)

(10)

® PROBLEM 11-25

Two bases B and B” in X are equivalent if
I(B)=1(B)

Prove this:
THEOREM

Two bases B and B’ in X are equivalent if and only if
1. for each B, € B and each x € B,,, there is a B’g € B”, such that
XEB "3 C Ba

and
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Each basis in X yields a unique topology. But distinct bases may yield
the same topology.

DEFINITION OF EQUIVALENT BASES
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2. foreach B’ € B’and each x € B'B, there is a B, € B, such that
xEB,CB’

SOLUTION:

Suppose I(B) =1(B"). @
Then for each B, € BC T(B) and each x € B,,, since B’ is a basis for 7(B), by
Problem 11-13, there is B’,; € B’, such that

xEB3CB,. 3

Similarly we show that condition 2. holds.

Now suppose condition 1 holds. Since each A € T(B) is a union of {B}
belonging to B, then it follows that A € T(B"). yielding T(B) C T(B"). Simi-
larly we have T(B") C T(B) and therefore T(B) = T(B").

® PROBLEM 11-26

Let S represent a subbase for a topology T on X and let A denote any
subset of X. Show that the family

Sy={ANS,:S,ES} )

is a subbase for the relative topology T, on A.

SOLUTION:
Let D denote an open subset of A with respect to topology T,. Then
D=ANE @
where E is a T-open subset of X. Family S is a subbase for T, therefore
E-US, NS, N...NS,) )
where s, .5, ,...,8, €5. )

Therefore
D=AﬂE=Aﬂ[U(S,,lﬂ---nsnk)]=

-U@ns,)n..n@ns, ). @
Thus D is the union of finite intersections of elements of S,, and S, is a sub-
base for 7.
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® PROBLEM 11-27

1. LetA=]0, 1] and B = {1/, : n € N} be subsets of R. Find the closure
of A and B.

2. Find the closure of 0 and 1 in Sierpinski space, where X = {0, 1} and
T={¢,X,0}.

SOLUTION:
DEFINITION OF A NEIGHBORHOOD

Let (X, T) denote a topological space. A neighborhood of an x € X is
any open set Ny containing x, x € Ny. A neighborhood of x is denoted by
No(X).

[
DEFINITION OF ADHERENT POINT
Let A C X. A point x € X is adherent to A, if for each Ny(x)
No(x) NA = ¢. 1)
[

DEFINITION OF THE CLOSURE OF THE SET

The closure of A, denoted by A, is the set of all points in X adherent to A.

A ={xEX:V Nyx) : No(x) NA = ¢}. )]
|
1. The closure of A = ]0, 1] is A = [0, 1]. The closure of B = {!/, : n € N}is
B ={0,",}={0} UB €))
2. The open sets are ¢, X and 0. We have
0={0,1}=X
1=1 6
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® PROBLEM 11-28

Show that:

1. forevery setA, A C A.

2. AisclosediffA=A.

SOLUTION:
DEFINITION
A set A C X is called closed if X — A is an open set.
|
1. Obviously, if x EA, then
No(x) NA = ¢. (8]
Hence xEA ACA. )

2. (Aclosed) = (A = A).
If A is closed, then X — A is open. Each x € A has a neighborhood Ny(x),
such that

Ny(x) NA = ¢. ©)

Hence x¢A and ACA. @

From (4) and (2), we obtainA = A.
(A=2A) = (A closed).
Since A = A, each x & A has a Ny(x), such that
No(x) NA = ¢. ©)

Hence, X —A is open and A is closed.

® PROBLEM 11-29

Show that this is an alternative definition of a closed set:

A is the smallest closed set containing A; i.e.,

A =N {D: (D is closed) A (A CD)}.
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SOLUTION:

ACND. 2
Suppose x €A and x & [\ D. Since each set D is closed, (1D is a closed set
x& N D)y=xEX- M D, where X— (D is an open set =>
= xhasanbd G,suchthat GN (1 D=¢ =
=GNA=¢(because AC (1 D)= x¢A. 3)

Now we will prove that M D CA. Suppose x & A, then there is a neighbor-
hood of x, Ny(x), such that

No(x) NA = ¢. (4)
Therefore, X — Ny(x) is closed and contains A. Thus X — Ny(x) is one of the sets
(denoted by D) in (1).
Since
XEX-Nyx) also x¢& M D. o)

See Figure 1.

FIGURE 1

® PROBLEM 11-30

Prove that:
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SOLUTION:

1. A=MNDbD (where D is closed). Since the intersection of any family of
closed sets is a closed set, A is a closed set. A is closed if and only if A = A.
Hence

-A. 1

|

2. A=(1Dand F =N D’, where each D contains A and each D’ contains B.
Since A C B each D’ contains B and contains A. Hence,

ACB. )

3. SetA U B is closed. Since for each A, A C A_, we obtain

AUBCAUB. 3)
On the other hand, set A UBiis closed and

AUBCAUB. o
Hence

AUBCAUB )
From (3) and (5) we get

AUB=AUB (6)
4. Set ¢ is a closed set, hence _

¢ =9

(7)

® PROBLEM 11-31

. Find the derived set of

A={Y,:nEN}

B =10, 1]
C = {x:x€(0,1), x is a rational number}.

2. Let X denote an indiscrete topological space. Find the derived set A” of
any subset A C X.
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SOLUTION:
DEFINITION OF CLUSTER POINT

Let A C X. A point x € X is called a cluster point of A if each neighbor-
hood of x, Ny of x contains at least one point of A distinct from x.

|
Itis easy to see that O is the only cluster point of {!/,}.
11 1 1 1
0 16 9 4 3 2 1
i+ ; — ; =
FIGURE 1

Indeed each neighborhood of O contains at least one (as a matter of fact,
infinitely many) point of A = {!/,} distinct from 0.

DEFINITION OF A DERIVED SET

The set

A'={xEX:VO0(x):0(x) N (A—-x)=0¢} 1)

of all cluster points of A is called the derived set of A.
1. We obtain

A" ={0}

B =0, 1]

C’ =10, 1].

2. We have T = (X, ¢). For any point x € X, X is the only open set contain-
ing x. We have

[ () if A=¢
A= X if A contains two or more points
X -{a} if A= {a}
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® PROBLEM 11-32

Show that

A=AUA".

Set A is closed if and only if A" CA.

SOLUTION:

Suppose x EA” then x EA. Hence A” CA. Also A C 4, therefore
A'UACA. ¥

To prove the converse inclusion suppose x € A. If x € A, then the proof is
finished.

If x ¢ A, then each neighborhood of x intersects A at a point distinct from
x, hence x €EA”. Thus

ACAUA'. %)

We conclude that

A=AUA". @)

Set A is closed if and only if A =A.
Thus, A is closed if and only if

A'CA )

i.e., if and only if A contains all of its cluster points.

® PROBLEM 11-33

Prove that

(AUB)' =A"UB".

SOLUTION:

Observe that if A C B, then A" CB”. Since A CAUBand BCA U B, we
obtain

A"CAUB)Y B°'C(AUB) )]
Thus
A"UB"C (A UBY)". 3)
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Now we shall prove the inverse inclusion, (A U B)" CA” U B". Suppose, a &
A" U B’, then open sets 0; and 0, exist, such that

a€0, and a€0, @)

0,NAC{a}, 0,NBC{a}. 5)
Since sets 0; and 0, are open, 0; N 0, is open and a € 0; N 0,. We obtain
0,N0))NAUB)=(0,N0,NA)U (O, NO0,NB)

C(0,NA)U(0,NB)C{a} U{a}={a}. 6)
Hence
a#(AUB) and (AUB)YCA"UB. @)

® PROBLEM 11-34
1. Find the interior of the sets
A={Y,:nEN}
B=]0,1]

2. Prove that

Int(A) =X - (X —A)

SOLUTION:
DEFINITION OF THE INTERIOR
The interior Int(A) of A C X is the largest open set contained in A, that is
mt(A) = U {0: (0 open) A (0 CA)}. @)
[

1. Int(A) = ¢.
Int(B) = (0, 1)

2. We shall apply
ACB < X-BCX-A. 3)
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Therefore, if 0 CA, then
X-ACX-0=D.
Since 0 is an open set, D is a closed set. We obtain

mt(A)=U{X-D: (D closed) » (X -A CD)}=

=X-(){D: (D closed) A (X-A CD)} =X - (X —A).

)

©)

® PROBLEM 11-35

Find the boundary of the sets
A={Y,:nEN}
B=(0,1]

Show that

Fr(A) = A — Int(A).

SOLUTION:
DEFINITION OF BOUNDARY

The boundary of a set A C X is denoted by ¥r(A) and defined by
Fr(A) =A N (X - A).

We have
A=AU{0} and (X-A)=R.

Thus

FrA)=AU {0} B=[0,1]

(X=B)=(-,0] U [1,®)

Hence

F(B)=B N X-B) = {0, 1}.
We have
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Fr(A) =A N (X -A). )
But
Int(A) = X — (X - A). (6)
Also note that
X-(X-B)=B )
Hence
FrA)=ANX-[X-(X-A)] =

=A N [X - Int(A)] = A — Int(A) ®)

® PROBLEM 11-36
Show that the following statements are equivalent:
1. DisdenseinX.

2. IfGisaclosedsetand D C G, then G = X.

3. Each nonempty basic open set in X contains an element of D.

4. The complement of D has empty interior.

SOLUTION:
DEFINITION OF A DENSE SET
Set D C X is dense in X if D = X.

1. = 2.
SetDisdensein X,D=X.DCG,then D CG,butG =G, hence XCG
and

X=G. (1)

2. = 3.
Let 0 = ¢ be open and 0 N D = ¢, then
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DCX-0=X @)

in contradiction with 2 because X — 0 is closed.

3. = 4.
Suppose Int(X — D) = ¢. Set Int(X — D) is open, hence, there is a nonempty
basic set

A CInt(X - D). 3)
But
In(X-D)CX-D. 4)
Then A C X —D and A contains no points of D.

4, = 1.
Int(X-D)=X-[X-=(X-D)|=X-D = ¢. (5)

Thus D=X.

® PROBLEM 11-37

Set X is given. To promote it to the topological space (X, T), we have to
define a family T of its subsets which satisfies certain conditions. There
are many ways of defining (or finding) a topology on X. For example, a
function f, which assigns its closure to every subest of X determines a
topology

fiA—A (1)

Without getting into details, we want the closure f(A) of the set to sat-
isfy these conditions:

ACA (See Problem 11-28)

6=¢,A=A,AUB=AUB (See Problem 11-30)
Prove the following:
THEOREM

Let X represent a set and f: P(X) — P(X) a function, such that

L () = ¢

2. ForeachA,A CflA).
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3. fof(A)=f(A) for each A.
4. f(AUB)=f(A) U f(B) for each A, B.

The family
T={X-f(A):A €PX)}

is a topology and A= f(A) for each A.

Prove this theorem.

SOLUTION:

Note that

(A CB) = (ftA) Cf(B)). 3
Indeed if A C B, then A U B = B and f{A U B) = f(A) U fiB) = f(B). Now we
will show that T is a topology .

. $,XET.
Since X C fiX), we get X = f(X). Hence ¢ ET. Since X - f(¢) =X, X ET.

II. Suppose X — f(A) and X — f(B) belong to T. Then
X-fAINX-f(B)=X-[fA)Uf(B)]=X-fAUB)ET. 4)
Thus, intersection of any finite family of sets of T is a member of T.

IIl. Let S =UX - f(A ,).-We will show that for some U € P(X), S = X - f(U).
We have ¢

S=X- {;]f(A 2 (&)
and
X_S=Of(Aa)Cf(Aa) (6)
for each a.
By (3) and condition 3, we obtain
fX-S) Cfofida) = fAs) @)
for each a. Thus
f(X—S)CQf(Aa)=X-S- ®)

from (8) and condition 2, we obtain
Prove the following convenient way of describing F, and Gj sets:
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X-S=fX-25). 9
Hence
S=X-f(X-5)=X-fU). (10)

The union of any family of members of T is again a member of T.

By using T as the topology on X, we will show that A = ftA). Indeed,
A C f(A) because each 1 flA) is closed in T and A C f(A), we obtain AC f(A) =
f(A). Similarly f(A) CA. Since X —A is open in T, for some B, f(B) = A. Since

ACA (11)

we obtain
fid) CRA) =fo fiB) = fiB) =A. (12)

That completes the proof.

® PROBLEM 11-38

Show that in R the closed interval [a, b] is an F, set and also a G; set.
Show that the set of rational numbers in R is F.

SOLUTION:
DEFINITION OF F, AND G; SETS

Set F is called an F; set if it is the union of at most countably many
closed sets. A set G is called a Gy set if it is the intersection of at most count-
ably many open sets.

]

A closed interval is a closed set, hence, it is an F;. On the other hand,

[a,b]=M(a =", b+"y) (1)

n=l

[a, b] is the intersection of countably many open sets. Hence, [a, b] in R is a
Gs.

The set of rational numbers Q is countable and since each point in R is a
closed set, Q is the union of countably many closed sets. Thus, Q is an F,.

® PROBLEM 11-39

I Prove the following convenient way of describing F; and G sets: I
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1. If Fis an F,, then there is a non-decreasing sequence of closed sets

FECFECRFC... where F=|JF,. 1)
1

2. If G is a G, then there is a non-increasing sequence of open sets
o

G) DG, DGs... where G =(\G,. ¥
1

SOLUTION:

1. Fisan F,. Hence

F =JA,, A, closed. (3)
1
F is the union of at most countably many closed sets. Let
Fl =A1, F2 =A1 UA2, F3 =A1 UA2 UA3, coey
o F,=AU...UA,. 4)
Then sets F, are closed and

UA'!=UF;!, FiCFéCFé“ (5)
1 1

2. Similarly, if G is a G, then

G=85, (6)
where B,, are open sets. Let :
G,=B,,G,=B,NB,,...,G,=B,N...NB,. ™
Then each G, is open and
G,D>G,DG,D... N B, =NG,. 8)

1 1

® PROBLEM 11-40

Prove that:

1. The countable union and finite intersection of F, sets is an F.

2. The countable intersection and finite union of G sets is a Gs.
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SOLUTION:

1. Consider the countable union of F,, sets F

F =UFy 1)
k=1

where F; ; are closed sets. The countable union of F;’s is
U[UFi,k = U{E,j 1(i,f)€N><N}- )
i=1 | k=1 ij

Set N x N is countable and F;; are closed sets, hence, the union is an F,. The
finite intersection is

ﬁOE,k = OFi,k] n CJF“] N...N [Oﬁ,,k] =

i=1k=1 k=1 k=1 k=1
3
~U{Fiiy NN Fogi (ki oo k) EN ... x N}, 3)
Eachset F,, N ... F_ s closed and (3) is a countable union.
k, k,
2. Let ®
G =()Gi,;i=123,...
i Q i,k (4)
where G; ; are open sets, be a family of G, sets. The countable intersection is
NN Gik = N {Gik:(ik) EN x N} ©)
i=1k=1 ik

Sets G;  are open and N x N is a countable set. Hence, (5) is a G; set. Con-
sider now the finite union of G;’s

UNGik =N {GLy, YUGop, U...UG,y, :
im1 k=1

(kl,kz,...,k,,)ENXNX...XN}. (6)
(6) is a G set.

® PROBLEM 11-41

1. Show that the complement of an F) is a G.

2. Show that the complement of a G; is an F,.

SOLUTION:
1. Let Fbean FY set, then
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F=UF, (1)

n=1
where F, are closed sets. The complement of F is
X-F=Xx-UF,. )
By applying DeMorgan’s rule, we find n=t
X-F=(X-F) 3)
n=1

Since each F,, is closed, X — F), is open for each n. Thus X — F is the intersec-
tion of at most countably many open sets.

2. Let G be a G set. Then

G=NG, )
n=1
where G, are open sets. The complement of G is
X-G=X-NG, =UX-G,) ©)
n=1 n=1

where X — G, are closed sets. Hence X — G is an F set.

® PROBLEM 11-42

Show that each F; and each Gj is a Borel set.

SOLUTION:
DEFINITION OF A o-RING

A nonempty family of sets
Q C P(X) 1)

is called a o-ring if
1. AEQ=X-A€EQ

2. Vn:A,EQ= L1JA" €Q0.
|
DEFINITION OF BOREL SETS

If (X, 7T) is a topological space, then a unique smallest o-ring B containing
the topology T of X exists, that is T C B. Family of sets B is called the family

of Borel sets in X.
[ |
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Let F denote an F j—set, then
F=UF, )
1

where F, are closed sets. The sets X — F,, are open sets. Since B is a o-ring such
that T B, @ach open set belongs to B. Hence

Vn:X-F,EB )
X-F,eB)y=X-X-F,) EB) 4)
Thus
Vn:F,EB and F=0F;;EB )]
If G is a Gs—set then N 1
G =r11 Gn (6)

where G, are open sets. But
ﬂG,,=X—[U (X—G,,)] )
1 1
Each G, is an open set, therefore

G,€EB=X-G,€B=>UX-G,)EB=>
1

=>X—[O(X—G,,)]€B=>G €B. ®)
1

® PROBLEM 11-43

Show that the countable union, countable intersection, and the differ-
ence of Borel sets is a Borel set.

SOLUTION:

Let B denote the family of Borel sets in X. B can be defined as the inter-
section of all o—rings containing 7.
It is easy to verify that the intersection of any family of o-rings is a o-ring.
Thus, B is a o-ring.
(B,EBfori=1,2, 3,...)=>(UBi€B) (1)
1

Because B is a o-ring.

(B,€EBfori=1,2, ) =(X-B,€EBfori=12..)=
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=>(O(X—B,~)€B)=>(X—CJ(X—B,-)=F]B,-EB). @
1 1 1
(A,A,EB)=>(A,X-A EB) =

= (A, NX-4,)=A,-A,EB). €)

® PROBLEM 11-44

Show that in the Euclidean space R" there are sets that are not Borel
sets.

SOLUTION:
We shall apply the following:
THEOREM

Let (X, T) be a topological space and B be the family of Borel sets in X.
Then

card (B) s card (T)c2dN @
[ |

Topological space R" has a countable basis. Hence, the cardinal number of
the Euclidean topology of R” is 2¢2rd N

card (T) = 2¢ard¥, 2
From (1) and (2) we find
card (B) < 2c2d N, 3)
Since
card (P(R")) = 2cardR 4)

we conclude that there are sets in R" that are not Borel sets.

® PROBLEM 11-45

I Let (R, T) denote Euclidean space and X the subset of R I
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X=(0, 1] U{2}. 1)
Find the induced topology Ty.

SOLUTION:
DEFINITION OF SUBSPACE

Let (X, 7) denote a topological space and Y C X. The induced topology Ty
on Y is defined by

Ty={YNT,:T, ET}. Q)

The space (Y, Ty) is called a subspace of (X, 7).
[

It is easy to show that Ty defined in (2) is a topology on Y. Consider (R, 7). T
is the family of all open sets in R. By definition

Tx={[O, 11U {2 NT,: T,ET} )

where T, are open sets.
The family Ty consists of

1. {2}
2. all open intervals contained in (0, 1]
3. all intervals of the form ]a, 1] where a € (0, 1).

Interval (0, 1] belongs to Ty, hence it is an open set. Since {2} € Ty, interval (0,
1] is a closed set in X.

® PROBLEM 11-46

Let (X, T) denote a space and (Y, Ty) a subspace. Show that if {B,: w €

Q} is a basis for 7, then {Y N B, : ® € Q} is a basis for Ty.

SOLUTION:

Let (X, T) denote a topological space and {B,, : w € 2} be its basis. Then
each open set in X is the union of members of {B,}. The induced topology Ty
is defined by
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Ty={Y N T.}. )
Suppose A is an open set in Y, A € Ty. Then

A=YNT, )
for some a. But {B,} is a basis for T,
T,=UB,. 3)
Thus
A=YN[UB, =UYNB,) C))

Therefore {Y N B, : w € R} is a basis for Ty.

® PROBLEM 11-47

Let (X, T) denote a topological space and (Y, Ty) be a subspace. Show that
aset A CYis Tyclosed if and only if A = Y N D, where D is
T-closed.

FIGURE 1

SOLUTION:

We will show that the closed sets in Y are the intersections of Y and the
closed sets in X. Suppose A C Y is closed in Y, then A = Y — E, where E is open
in Y. Therefore

E=YNG (€))
where G € T. Hence
A=Y-E=Y-YNG=YNX-G). 2

Since GET, X -G is T-closed.
Now, suppose
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A=YND 3)
where D is T-closed. Then
Y-A=Y-YND=YNX-D) @)
where X — D is T-open and Y —A is Ty-open. Thus A is Ty-closed.

® PROBLEM 11-48

1. (X, T) is a topological space and (Y, Ty) is its subspace. In Problem
11-45, we showed that sets, open in a subspace need not be open in the
entire space. Prove the following:

THEOREM

Let (X, T) denote a space and (Y, Ty) its subspace. If A C Y is open
(closed) in Y, and Y is open (closed) in X, then A is open (closed) in X.

2. Is a subspace of a subspace a subspace of the entire space?

SOLUTION:
1. Suppose A is open in Y. Then
A=YNG 1)

where G is open in X. Since Y is open in X, Y N G is open in X. The same
reasoning holds for closed sets.

2. Yes. Because if

ZCcYycCcx 2
and Tyy is the topology of Z with respect to Y, then
Iy,=T; )
Where T3 is the topology of Z with respect to X. We shall prove (3). Let
UETy, @)
then
U=ZNYV )
where V € Ty. But
V=YNQ (6)
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where Q € T. Then
U=ZNV=ZNYNQE=ZNQ. @)

Hence U € TZ and Tyz C Tz.
The converse inclusion is obvious.
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® PROBLEM 12-1
Let (X,Tx) and (Y, Ty) represent topological spaces, such that
X={a b c d}
Tx= {9, X, {a}, {4, b}, {a, b, c}}
Y={xy z w}

TY= {¢’ Y’ {y}’ {y) zZ, W}

Which of the functions depicted in Figure 1 is continuous?

FIGURE 1

SOLUTION:
DEFINITION OF CONTINUOUS FUNCTIONS

Let (X,Tx) and (Y, Ty) represent topological spaces. A function f: X =Y
is called continuous if the inverse image of each open set in Y is an open set
in X. That is, if f: X — Y is continuous, then

f1:Ty—Tx )
|

Function f is continuous because f~! maps each open set in Ty into an open set
inT X

@) =¢€E€Tx
N =XETx

f{yh={a b} ETx
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'y, z wh =XETx. ()
Function g is not continuous, because
{y} ETybutg'({y}) ={a b, d} € Tx 3)

® PROBLEM 12-2

Show that the identity function

f: X 1)~ (X Ty M

where V x EX : f(x) = x, is continuous if and only if T is finer than T, that
is, if

T,CT. @)

SOLUTION:

Suppose f is continuous then
AET,=fYA)ET (3)

But f-1(A) =A. Hence T, C T.
Now suppose f: (X, T) = (X, T)) is the identity function, f{ix) = x and
suppose T; C T.
Let A €T,. Then f-1(A) =A € Tbecause T; C T. Thus, fis continuous.
[

Consider the sequence of identity functions
(X, Ty) —0 y(X, Tp) 0 (X, Tp)identlty o (X, Ty)— (..

To ensure continuity of the functions, we must have

T, is finer than T,
T, is finer than T3
T; is finer than 7.

® PROBLEM 12-3

1. Show that

f: X PX)) = (¥, Ty) )

is always continuous.
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2. Show that

f: X Ty — (¥, {9, 1})

is always continuous.

SOLUTION:

1. Let us take any open subset in Ty, A € Ty. Then f~1(A) is an open set in X
because Ty = P(X), i.e., each subset of X is an open set.

2. There are only two open setsin Y, ¢ and Y.

flP=¢ ©)
which is an open set in X, ¢ € T,. Similarly
fUN=XETk @

Each topology in X contains ¢ and X. Hence f defined by (2) is always con-
tinuous.

® PROBLEM 12-4

Suppose
[ (X Ty) = (Y, Ty)
is not a continuous function. Show that the same function
X TyY—=>{TYy
is also not continuous if
T’y is coarser than Ty (thatis "y C Ty)

and

T’yis finer than Ty (that is Ty C T"y).

SOLUTION:

Since
[ (X Ty) = (Y, Ty)

is not continuous, there is an open set D € Ty, such that
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fH(D) & Tx. @)

Consider function (2). Since D € Ty and Ty C T"y, we have

DETY. 4)
Hence f~1(D) & Ty and since T'y C Ty
fD)E Ty 3)

Function defined in (2) is not continuous.
Note that the same will be true if we replace T"y by Ty in equation (2).

® PROBLEM 12-5

Show that the function

f:R—R

defined by
x if x=s1

f(x)={x+1 if x>1 )

is not continuous if R is equipped with the Euclidean topology but be-
comes continuous when R has the upper limit topology.

SOLUTION:

— e e e m---

FIGURE 1
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The Euclidean topology consists of all open intervals and the unions of

open intervals.
Let A = (0, 3%,). Then

@) =1710,%) =10, 1]. )

The inverse image of an open set is not an open set. Hence fis not continuous
in the Euclidean topology.

The upper limit topology on R consists of unions of open-closed inter-
vals, that is intervals of the form ]a, b].

It is easy to verify that for each ]a, b]

f (@ b]] = ]c, d]. )

The inverse image of an open set is an open set, and the function fis continu-
ous.

® PROBLEM 12-6

Function f : X — Y is continuous if and only if the inverse image of

every closed subset of Y is a closed subset of X.
Prove it.

SOLUTION:

(f: X — Y is continuous) <«
< (VD CY:Dclosed in Y f-1(D) closed in X)

=> Suppose f: X — Yis continuous and D C Y is any closed subset of Y. Then
Y - D is an open subset of Y and

f~(Y-D) @)

is an open subset of X.
But

fH(Y-D)=X-f"\(D). @)
Hence f-1(D) is closed.
<= Suppose for every D C Y, Disclosed in Y, f ~I(D) is closed in X. Let A

represent an open subset of Y. Then Y—A is closed in Y and f-!(Y —A) is closed
in X. Since

Y -4)=X-f"(A). ©)

Hence f~1(A) is a open subset of X and f is a continuous function.
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® PROBLEM 12-7

f:X—-=Y

g:Y—>2Z

be continuous functions.
Show that the composition function

gof:X—2

is also continuous.

SOLUTION:

Let A represent an open subset of Z. Then g ~1(A) is an open subset of Y
because g is continuous.
Also f~1[g"1(A)] is an open subset of X, since f is a continuous function.

f 9

1-1lg" (A)]

FIGURE 1

But
(goH~'A) =fg'A)] 3)

Thus (g 0 f)"1(A) is an open set in X whenever A is an open set in Z. Hence, g
o fis a continuous function.

® PROBLEM 12-8

Let

f: (X T)—= (Y, Ty).

Prove that
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Vf(x)EY VY V>f(x)
3 U 3 x such that f(U) C V)

(f continuous) <« (

SOLUTION:
f:X-Y —y
f(x Y
FIGURE 1

=> Suppose fis continuous. Take any f{x) € Y and any neighborhood V of f{x).
Then

fX)EVand VE Ty. )

Since fis continuous f-1(V) € Ty.
Also x € f~(V). Hence U = f-1(V).

<= Let W represent any open subset of Y. Suppose x € f~1(W), then f{x) EW.
Thus W is a neighborhood of f(x). An open set U C X exists, such thatx €U

and

facw. 6
But
U C f-\(W). 4
Hence, for each x € f~1(W)
xEU CfY(W). ©)

where U € Ty.
Therefore f~1(W) is the union of open subsets of X and thus, an open sub-

set.

® PROBLEM 12-9

Let
f: X Ty) = (Y, Ty) @)

and let B = {B,} denote a basis for Ty. Function fis continuous if and only
if for each B, € B, f~1(B,) is an open subset of X.
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SOLUTION:

= Suppose fis continuous. Since each B, € B is an open subset of Y,
f7(Bo) ETyx. )

<= Suppose for each B, € B, f~1(B,,) is an open set in X. Let A C Y denote an
open subset in Y. Since B is the basis

A= LaJBa. 3)
Then
i) ='UB,) =U £1(B.). @)

Each f-1(B,,) is an open set. Hence, f~1(A) is an open set as a union of open
sets. Function f'is continuous.

® PROBLEM 12-10

Let

[1 X Ty) = (Y, Ty) 1)

and let S = {S,} denote a subbasis for the topology Ty.
Prove that f is continuous if and only if the inverse of every S, € S
is an open subset of X.

SOLUTION:

If (Y, Ty) is a topological space, then a class .S of open subsets S C Ty is a
subbasis for Ty if and only if finite intersections of members of S form a ba-

sis for Ty.

= Suppose f is continuous. Then the inverse of all open sets are open.
Hence, since S,, are open, sets f~1(S,) € Ty.

<= Suppose for every S, € S f (S, € Tx. Let A € Ty. Since {S,} is a
subbasis,

A=LGJ(S°‘. ﬂ...ﬂsak). 2
We have

() =f-'hJ (Sq, N ... N sak)] -
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=Ufus, N..Nns, )=
=U[f"(Sal) n... ﬂf"(Sak)]. @)

Since all sets f"(Sal), ,f"(Sak) are open, so is the set f ~1(A). Hence,
function f is continuous.

® PROBLEM 12-11

Let {T,} represent a family of topologies on X. Suppose
f:X—=Y 1)

is continuous with respect to each topology T,. Show that f is continu-
ous with respect to the topology

T”nTa' )

SOLUTION:

First note that intersection of any family of topologies is a topology.

Let A denote an open subset of Y, A C Y. Consider set f~1(4). Since fis
continuous with respect to each topology T, the set f~1(A) belongs to each T,
f~1(A) €T,. Hence

eI, =T. 3)

a
Therefore fis continuous with respect to 7.

® PROBLEM 12-12

Prove this theorem

(f :X — Y iscontinuous) <> (V¥ A CX:f(A) C f(A)).

SOLUTION:
=> Suppose f: X — Yis continuous. Since

f4)C 1) M
we obtain
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A Cf[f(A)] CFFA)] @)

Setf(ﬁ is closed and since fis continuous f-'[f{A)] is closed as well

FF@] = U@ ®)
Hence, from (2) and (3), we find
ACACfIf(A)]. @
Thus _ -
fA) LI (A] = f(A). )

<= Suppose for any A CX, f(A) Cm). Let B denote any closed subset of Y,
BCYandlet

'@ =A. (6)

Then
f@A) =fIFB)ICFIF(B)]=B =B )

Hence
ACS[f(A)) Cf\(B) =A @®)

Since A C A, we obtain from 3)
A=A. )

Thus, the inverse image of any closed subset of Y is a closed subset of X.
Therefore, f: X — Y is continuous, by Problem 12-6.

® PROBLEM 12-13

Let

f:&Ty)— ¥, Ty)

represent a continuous function. Show that

fai (A, Ty) = (Y, Ty)

where f, = f/ A is the restriction of fto A, is also continuous.

FIGURE 1
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SOLUTION:

Note that, for any BCY
fi1(B) =f~Y(B) N A. €)
Suppose B is an open subset of Y, B € Ty. Since fis continuous
f(B)E Ty *)
By definition of the induced topology
fIBYNAET,. ®)
Hence
fi(B)NA =f,(B)ET,. (6)

and so f; is continuous.

® PROBLEM 12-14

Prove the following:

THEOREM

Iff: (X, Ty) = (Y, Ty) is a function and X =A U B and f| A and f| B
are both continuous (where A and B are topological subspaces of X), then
if A and B are both closed or both open, f is continuous.

SOLUTION:

If A and B are not both closed or both open, then f does not have to be
continuous.
For example, let

A=(0,1) B=[1,2) X=(0,2)

and let f|A =0 and f| B = 1. Then both f| A and f| B are continuous, but fis not
continuous.

Suppose both A and B are closed. Let D C Y denote any closed subset of
Y. We will show that if D € Ty then

f-1(D) ETy. )

(f|Ay"Y(D) is closed in A and (f| B)"(D) is closed in B since both f| A and f| B
are continuous. Since A and B are closed (f| A)~Y(D) and (f| B)~}(D) are closed
subsets of X.
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From
AUB=X 2)

we obtain
f7\D) = (f1A) (D) U (f| By (D). 3

Equation (3) is the union of two closed subsets of X, hence f~1(D) is a closed
subset of X.
Therefore, fis continuous.

® PROBLEM 12-15

Use the theorem of Problem 12-14 to show that the function
f:R—R
x if x<s0

f(x)={0if x20 (1)

is continuous. R is equipped with the Euclidean topology.

SOLUTION:

Remember that if f: X — Y and A C X, then f| A is the restricted function
flA : A =Y, where f| A(x) = f(x) for each x € A.
Consider the sets

A={x€R:xs0} and B={xER:x=20}. )
Then
R=AUB 3)

and both A and B are closed.
Both functions f| A and f| B are continuous. By the theorem of Problem
12-14, function f is continuous.

® PROBLEM 12-16
Let R? (coordinate plane) be a topological space with Euclidean topol-
ogy. Show that any rotation is continuous.
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SOLUTION:

Each point of R? can be described by its polar coordinates (r, o). Rotation
of R? about the origin (0, 0) does not change r and transforms o. into

o + O
where oy is the angle of rotation. Thus
R, (,0) = (r,a + a,) W)
0

FIGURE 1

Denoting by R a,, Totation through angle o, we obtain
-1

R, =R
2 "Roa, ®

where R _, 0is the rotation through —0. Any rotation preserves congruences.
Hence, if D is the interior of a square, then R:! (D) is also the interior of a
square. The family of interiors of squares forms a basis for R? with Euclid-

€an topology.
By Problem 12-9, we conclude that any rotation is continuous.

® PROBLEM 12-17

Show that the projection mappings from the plane R? into the line R are
continuous with respect to Euclidean topology.

SOLUTION:

Both projections can be defined as follows:
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pry:Rz—*R
}k(nY)=x

P,(x,y)=y 1)

Consider P, (x, y) = y. The inverse of any open interval (, b) is an infinite open
strip

A={(x,y):a<y<b}.

N a b R
\ — Al

FIGURE 1

The family of open intervals forms a basis for R with the usual topology.

The inverse of any element of the basis is an open set. Hence, by Prob-
lem 12-9, the projection P, is a continuous function. Similarly, we can show
that P, is continuous.

® PROBLEM 12-18

Let (X, Ty) represent a topological space and {a} a singleton set, which
is an open subset of X, {a} € Ty. Show that any function

fiX—>Y (1)

where (Y, Ty) is any topological space, is continuous at a € X.

SOLUTION:
DEFINITION OF CONTINUITY AT A POINT

A function f : X — Y is continuous at xy € X if for each neighborhood
W(f(xo)) in Y, a neighborhood V(x) in X exists, such that f{V(xq)) C W( f(xq)).
|
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FIGURE 1

Let B represent any open set in Y containing f(a).

fla) EB. @
The set {a} is an open set in X,
{a} E Ty and a € {a}. 3
Also, since f(a) EB
f{a})CB “

Thus, fis continuous at a € X.

® PROBLEM 12-19

Consider the topological space (X, T) where
X={a b ¢ d} 6y
and

T = {¢, X, {a}, {a, b}, {a b, ct}. ()]

Show that the function f: X — X, depicted in the diagram, is continuous
at b € X but not continuous at c € X.

FIGURE 1
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SOLUTION:

From the diagram

fib)=c (€)
The only open sets containing ¢ are {a, b, c} and X. We have
f{a b ch)=X 4)
and
10 = X. ®)

Thus, the inverse of any open set containing f() is an open set containing b,
and f is continuous at b.
From the diagram

fley=b (6)
Consider an open set containing f{c)
{a, b} 3b=f(c), )
Then
f1({a bY) ={a ¢ d} ®)

Set {a, ¢, d} does not contain any open set containing c.
Hence, fis not continuous at c € X.

® PROBLEM 12-20

1. Show that a function
[ (X, Tx) = (Y, Ty) ¢))

is continuous if and only if it is continuous at every point a € X.

2. Show that if (1) is continuous at a € X, then the restriction of f to A,
where a € A C X, is also continuous at a.

SOLUTION:

1. Suppose f is continuous. Let a € X denote any point, and let B C Y
denote an open subset of Y, such that fla) € B, B € Ty. Then f~1(B) € Tyand a
€ f~1(B). Thus, fis continuous at a € X. Now, suppose f is continuous at ev-
ery point a € X. Let A C Y denote an open set.

475



FIGURE 1

For every a € f-1(A) an open set D, C X exists, such that
a €D, Cf1A). 2

Thus f-l(A) =U Da
a
Q)
where a € f~1(A). Set (3) is open as a union of open sets, Hence, f is continu-
ous.

2. Suppose D CYis an open subset containing f(a), see Figure 2.

FIGURE 2

Since fis continuous at a € X, there is an open subset F of X, such that

a EF C f-\(D). 4
Thus
a EANF CANfYD)=f(D) 5)
where
fa=f|A. (©)
But
ANFET,. )

Hence f, is continuous at a € X with respect to topology T,.
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® PROBLEM 12-21

Show that if a function

fiX—>Y (1)

is continuous at a € X, then it is sequentially continuous at a € X.

SOLUTION:
DEFINITION OF SEQUENTIAL CONTINUITY

A function f: X — Y is sequentially continuous at a point a € X if for ev-
ery sequence (a,) in X,
(an = a) = (fla,) = fa)) 2

N=1""(M) u

f:X->Y

FIGURE 1

Suppose f: X — Y is continuous at a € X, and let (a,) denote a sequence con-
vergent to a, a, — a.

We will show that any neighborhood M of f(a), f(a) € M € Ty contains all
but a finite number of the elements of the sequence (f(a,,)).

We have

flA)EMETy 3)

Function fis continuous at a € X. Hence, f~1(M) = N is a neighborhood of a. N
contains all but a finite number of elements of (a,). Then

a, €N = f(a,) EN. 4
Hence, N contains all but a finite number of elements of f(a,) and
fla,) = fla). ©®)

® PROBLEM 12-22

Give an example of a neighborhood-finite family in R.
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SOLUTION:
DEFINITION OF A NEIGHBORHOOD-FINITE FAMILY

A collection {4, : ® € Q} of sets in a topological space (X, 7) is called
neighborhood-finite if each point of X has a neighborhood Ny(x), such that

Nox) NA, =9 (1)

for at most finitely many indices w.
[

Consider the family {Ap},
Ap=[p,p+l} (2)

where p is an integer.

y oee

2, -11[1,0 [0, 1] [1,2]
L1

1 T L | L

-2 -1 0 1T 4 2

FIGURE 1

Let a € R denote any point in R. Then, we can always find a sufficiently small
neighborhood U of a € R, which intersects with only one element of {A,} (if
a is not an integer). If a is an integer, then a sufficiently small neighborhood
U of a would intersect with two members of {4,}.

Note that a family {A,} may be neighborhood-finite, even though each
A, intersects infinitely many other Ag. For example in R,, we define {A,}

A ={x:X>n}. 3)

® PROBLEM 12-23

Here is a useful theorem concerning coverings of the space.

THEOREM

Let {A, : w € Q} represent a family of sets that forms a covering of the
space X, that is, X ={J A . Assume that one of these two conditions
holds: @

1. all sets A, are open, or

2. all sets A, are closed, and form an neighborhood-finite family. Then
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(B CXisopen| ( all BN A, are open

< .
(or closed) J L(or closed) is the subspace A,

Prove this theorem for the case when condition 2 is true.

SOLUTION:

=> This follows immediately from the definition of induced topology.

<= Suppose each B N A, is closed in the closed A,

The case when each B N A,, is open in the closed A, is similar. Since a
subspace of a subspace is a subspace of the entire space X and each BN A,
is closed in the closed A, it follows that B N A is closed in X.

BNA,=BNA, 1)

Since {A,} is neighborhood-finite, so is {B N A}. Therefore (remember, {A,}
is a covering)

B=U{BNA,} )

is closed in X.
Here we applied the following:

THEOREM
If {A, : ® € Q} is an neighborhood-finite family in X, then for each A C

Q, the set U {Z . AEA}
v 3)

is closed in X.

® PROBLEM 12-24

The situation in which a continuous function is defined piecewise ap-
pears in analysis. For example, a function which is continuous on a
segment [0, n] C R is defined for each [k, k + 1] separately in such a way,

that the adjacent functions agree on the common end points of the
segments [0, 1], [1, 2], ..., [n— 1, n].
Partial definitions of functions are formulated in this theorem.

THEOREM

Let (X, T) represent a topological space and {4, : w € Q} its cover-

479



ing. One of two conditions is true:
1. all sets A, are open, or

2. all sets A, are closed and form a neighborhood-finite family.

For each w € Q function

foiAy—Y 1)
is continuous and, such that
falAanAB=f[3'AanAB (2)

for each a, p € Q.
Then a unique continuous function exists

f:X—=Y (3)

such that for each w € Q
flAy = fo 4)
]

Prove this theorem.

SOLUTION:
For each x € X, we define
fx) = fol%) ©)
where o € Q is any index, such that
xEA,. (6)

The definition is unique, because if x €A, and x € Ag then

%) = fa(®) = fox) (7)

Since f, | Ao N Ap = fp | Aq N Ap. Hence (5) defines a function which is
unique.
Function fis continuous. Let U C Y be open. Then

flU)yNA,=£3'U) ®)

is open in A,, for each w. . .
Thus, by Problem 12-23, f~}(U) is open in X and fis continuous.
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® PROBLEM 12-25

Show that the function

such that

is not open.

SOLUTION:

Observe that if f is a continuous function, then the inverse image of every
open set is an open set and the inverse image of every closed set is a closed
set. It will be useful to define the following group of functions.

DEFINITION OF AN OPEN (CLOSED) FUNCTION
A function
f:X—=Y )]

is called an open (closed) function, if the image of every open (closed) set is
open (closed).
|

Consider an open interval (- 1, 1). Function f(x) = x? maps (- 1, 1) into
f=1,1))=[0,1) €)

which is not an open set. Hence, f defined by (1) is not open.

® PROBLEM 12-26

Let f: X — Y denote a function and B represent a basis for a topological
space (X, 7).

Show that, if for every B, € B f(B,,) is open in Y, then f is an open
function.

SOLUTION:

Suppose A is an open subset of X. Then
A=UB,,B,EB 6y
[¢]
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since B is the basis for X. Hence
f@=FUBY) =U f(B). ®
By hypothesis, each f(B,) is open in Y. Therefore f(A) is open, as a union of
open sets, and fis an open function.
As a matter of fact two properties are equivalent:

1. fis an open function.

2. fmaps each member of a basis for X to an open set in Y.

® PROBLEM 12-27

Let

p:R2—R

represent the projection mapping of R? into the x-axis, i.e.,

px y) =x.
1. Show that p is an open function.

2. Show that p is not a closed function.

SOLUTION:

1. The family of all open discs in R? forms a basis for R2. We assume that R
is equipped with the Euclidean topology.

N|eccccanacees

0

ob X

FIGURE 1
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Note that the projection of any disc D
D ={(x y): (x—x0)* + (y—yo)* < r*} (€)
is an open interval

p(D) = (a, b) (4)

where (@, b) is an open interval. According to Problem 12-26, we conclude
that p, defined by (2), is an open function.

2. Consider the shaded region shown in Figure 2.

A

X

FIGURE 2

A={x,y):x20,0sy=sx}. &)

Set A is closed, while its projection p(A) = [0, ®) is not closed. Thus, p is not
aclosed function.

® PROBLEM 12-28

Prove the following theorem:
THEOREM

Let f: X — Y represent a closed function and let D denote any sub-
set of Y. Let U denote any open set, such that

fUD)CUCKX. 1)

Then an open V exists, such that D C V and f~'(V) C U.
|

See Figure 1.
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t7(v)

FIGURE 1

SOLUTION:
Let us define
V=Y-fiX- U). 2
By hypothesis
fip)cu. €)
Therefore
DCV.

Indeed, suppose y € D, then f~1(y) C f~1(D). Hence, f~}(y) CU and y €
f(U). Thus, y € iX - U) and y € Y- fiX — U). Finally
yEV @

By hypothesis, f is closed and U is an open subset of X. Then X — U is closed
and X — U) is closed. Therefore V = Y- X — U) is an open subset of Y. Now
we prove that f~4(V) CU.

fAV)=X-fURX - V)] CX-X-U)=U ©)
A similar theorem exists for open functions.
THEOREM

Let f : X — Y denote an open function and let D represent any subset of
Y. Let W represent any closed set, such that

' (D)cw.
Then a closed set P exists, such that D C P and
f-(pcw
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® PROBLEM 12-29

Prove

(f :X =Y is a closed function) <> (VA C X:f(A) Cf(A)).

SOLUTION:

= Suppose f is a closed function. Let A represent any subset of X. Then Ais
aclosed set and f(A) is closed.
Since

f(a)C f(A) 1)
we have

FAC f@A) = f(A). &)

« Suppose, for each set A C X, f(A) C f(A).
Let A represent a closed set, A = A. We have

f(A)C F(A) C f(A) = f(A). 3)

Therefore

f(A) = F(A) (4)

so that set f{A) is closed and function f: X =Y is closed.

® PROBLEM 12-30

Use the function

X

f®= T2

to show that the spaces R” and (- 1, + 1) are homeomorphic.

SOLUTION:
DEFINITION OF HOMEOMORPHISM

A continuous bijective (that is, one-to-one and onto) function f: X — Y,
such that f-1 : Y — X is also continuous, is called a homeomorphism and
denoted by

f:X=aY. 2
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Two spaces X, Y, denoted by X = Y, are homeomorphic (or of the same topo-
logical type), if there is a homeomorphism f: X = Y.

[ |
First of all, observe that

fx)= =~

o xl+1
where f: R — (- 1, + 1) is one-to-one and onto. Both functions f and f-! are
continuous. Hence, f, defined by (1), is a homeomorphism.

This result can be generalized to n-dimensional space

f:R"—B(0,1) (3)
where B(0, 1) is the unit ball. Then x = (x, x,, ..., x,, ) and

|x|= \/xlz + XXl

where B
f& = 1351 4
Hence, R" is homeomorphic to its unit ball B(0, 1)
R" = B(0, 1). )

® PROBLEM 12-31

Show that the homeomorphism relation is reflexive, symmetric and
transitive.

SOLUTION:

Relation is reflexive. For any topological space (X, T), the identity map-
ping fix) = x

f: X=X M

is a homeomorphism.
Symmetry. If X = Y, then a homeomorphism exists, such that

f:X—Y. )

We define g = f~1, where
g:Y—=X )

Mapping g is a homeomorphism. Hence, Y = X. .
We will show that the homeomorphism relation is transitive.
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Suppose X =YandY=Z.Thenf:X — Yand g: Y — Z are homeomor-

phisms.
Mapping
gof:X—=2 4)
where g o f(x) = g[f(x)] is a homeomorphism, since both g and f are homeo-
morphisms.

Relation = (X is homeomorphic to Y), defined in any family of topologi-
cal spaces, is an equivalence relation. Hence, any family of topological spaces
can be partitioned into disjoint classes of topologically equivalent spaces.

From now on, we will be more concerned with these classes of topologi-
cally equivalent spaces, than with the individual topological spaces.

® PROBLEM 12-32

Show that an area is not a topological property.

SOLUTION:

In Problem 12-31, we defined the classes of topologically equivalent
spaces. Now we shall investigate the properties which are common for all
members of the same class.

DEFINITION OF TOPOLOGICAL PROPERTIES

A property P of sets is called topological or a topological invariant if,
whenever a topological space (X, T) has this property, then every space ho-
meomorphic to (X, T) has property P.

|

That is, property P is common for all members of a class of topologically
equivalent spaces.
Consider the function
f:R?—=R? (1)
defined by
f:06y) = (2% y), 2

where fis a homeomorphism. It is easy to see that f transforms a unit square
into a rectangle, as shown in Figure 1.

Hence, a figure of area one is transformed into a figure of area two.

Area is not a topological property. Similarly, it can be shown that length
and volume are not topological properties.
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FIGURE 1

® PROBLEM 12-33

Show that each of the following conditions is necessary and sufficient
for a one-to-one mapping, £, to be a homeomorphism:

1. ﬂ;\—) =;'(T)for every A CX. 1)
2. f-\(B) = f-\(B) for every BCY. )
SOLUTION:
We shall apply the following:
THEOREM
(f is continuous) <> (f(A) C f(A) for every A C X) 3)

(f is continuous) <> ( £ (B) Cf \(B) for every BC Y). )

Suppose fis a homeomorphism, then fis continuous and for every A C X

fA)C F(@A) )
Also f-! : Y — X is continuous and by (4), we obtain

fA)C f(A). (©)
Note that (f-')-! = f. From (5) and (6), we obtain

f(A) = F(A). @

Suppose, forevery A CX, f (Z) = f(A).Then
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f(A)C F(A) 8)

and by (3), we conclude that fis continuous.
Also, foreveryAC X

f(A) = FA @I C I A)] = £ (A). ©)
Hence, f~1 : Y — X is continuous and f is a homeomorphism.

Similarly, we show that condition (2) is necessary and sufficient for a
one-to-one function to be homeomorphic.

® PROBLEM 12-34

Suppose fmaps X onto Y, f: X — Y, where X is a T;—space.
Show that a necessary and sufficient condition for f to be a homeo-
morphism is:

1. A =f-(f(A)) for every A C X or ¢))

2. (xEA)=(fx) EfA)) @

SOLUTION:

DEFINITION OF A T,-SPACE

A topological space (X, T) is called a T;-space, if each single element set
is closed, that is,

{a} = {a} foreacha E X.

For example, each metric space is a T)-space.
We shall prove : for f: X — Y, where X is a T,-space

(f is a homeomorphism) <« (X = f-1(f(A)) for every A CX). (3)

= Since f is a homeomorphism, it is thus one-to-one. From Problem 12-33,
equation (1),

f(A) = F(A) @)

" @] =4 = A ©)
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< We have to show that f is one-to-one. Suppose f(a) = f(b). Then
{a} = f[f(@)]= f'[f®)] = {B}. ©)
Since (X, T) is a T,-space,

a=b. )
Thus, fis one-to-one. Then from (1),
f@)=f) ®

for every A C X.

According to Problem 12-33, fis a homeomorphism.

Conditions (1) and (2) are equivalent. From (2), we conclude that every
property, expressed in terms of the operation A and of operations of set
theory and of logics, is topological. We can briefly say that if a point a €X
(or a set, family of sets, etc.) has a given property with respect to the space
(X, T), then f{a) has the same property with respect to Y, provided that f: X —»
Y is a homeomorphism.

® PROBLEM 12-35

1. Show that two closed intervals, [a, b] and [, d], are homeomorphic.

2. Show that an open interval (-1, 1) and the real line are homeomor-
phic.

3. Show that the surface of the sphere with one point removed is
homeomorphic to the plane.

SOLUTION:

1. Suppose a < b and ¢ < d. Define f(x) by
d-c bc — ad
= 1
fx) b-a*t b-a @
f is a homeomorphism, which maps the first interval onto the second. Hence,
the two closed intervals are homeomorphic. To show that, one can also use
the drawing shown in Figure 1.

2. Functionf:(-1,1)—=R
fx)= tan-’-‘zl )

is a homeomorphism. Hence, (-1, 1) and R are homeomorphic.
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b
f(x)
A
a C
FIGURE 1
3. Consider the surface
X*+y2+(z-1)2=1 3)

with the point (0, 0, 2) removed. (See Figure 2).

FIGURE 2

Draw a line from A through the point B on the surface of the sphere and
through point C on the plane xy.

Each point B on the surface of the sphere is mapped on the plane z = 0. This
mapping is one-to-one, onto and continuous; the inverse mapping also has
the same properties. Thus, a sphere with one point removed and a plane are
homeomorphic.
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® PROBLEM 12-36

THEOREM

Let f: X — Y denote a bijection. Then the following properties are
equivalent:

1. fis a homeomorphism.

2. f(X) =j_‘a4_)—for everyA CX.

3. fis continuous and open.

4. fis continuous and closed.

Prove it.

SOLUTION:

1. <« 2. This was proved in Problem 12-33.

1. < 3. fis a homeomorphism, hence f~! : Y — X is continuous. Therefore,
for each open A C X,

S @] =fA) 1)
and f(A) is openin Y.
Suppose f is continuous and open, then the image of each open set in X is
an open set in Y. Hence, f~! is continuous and f is a homeomorphism.

3. < 4. Note, that if f: X — Y is bijective, then the conditions that fis open
and fis closed, are equivalent. Suppose fis open and A C X is closed. Then set
B is open

A=X -B @)
and

fiA) = fiX - B) = fiX) - f(B) = Y - f(B) ©)
Hence, since f(B) is open, the set f{A) is closed. Thus, fis closed.
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® PROBLEM 12-37

The following theorem helps to determine a given function as being a
homeomorphism:

THEOREM 1
Letf: X — Y and g : Y — X be continuous and, such that

fog=1y

and gof=1x
then fis a homeomorphism and
fl=g

Prove this theorem.

SOLUTION:
First let us prove this.
THEOREM 2
Letf:X— Yand g:Y — X, such that
gof=1yx 4
then f is one-to-one and g is onto.
|
The map of fis one-to-one, since
(fx)=f(y) = x=gofix)=g0f(y)=y) ©)
Function g is onto, since for any x €E X,
x = g[f(x)]. (6)

By applying Theorem 2 and conditions (1) and (2), we conclude that both f
and g are bijective. In addition to that, f~! = g. Thus, f and f~! are continuous
and f is a homeomorphism.

® PROBLEM 12-38

Let
[ (X Ty) = (Y, Ty) 1)
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denote a homeomorphism and let (A, T,) represent a subspace of
(X, Ty). Let

ﬁ4 : (A) TA) - (B’ TB) (2)
be a restriction of fto A, f4=f| A and let
B = flA)

and let Tz be a topology induced on B.
Show that f, is a homeomorphism.

SOLUTION:

Since fis a bijection (that is, one-to-one and onto), f4 : A — B is also a bi-
jection. The restriction of a continuous function is also a continuous func-
tion. Hence, f, is continuous.

Let U C A be T, open, then
U=ANYV 3)
where V € Ty. Since fis one-to-one,
flANY) =flA) NAV) 4)
Thus,
fa(U) = fU) = flA) N (V) = BN f(V) ©)
Since fis open and V € Ty, (V) € Ty. Therefore,
BNAV)ET, ©)

and so, f, is open.

® PROBLEM 12-39

Show that the subsets X and Y of the plane R? with the Euclidean topol-
ogy, shown in Figure 1, are not homeomorphic. The topologies of X and
Y are the usual induced topologies.

X = {x:d(xa))=1ord(x,a;)=1} 1)

Y={y:d(y, a5) = 1}

a;=00,1) a,=(0,-1) a3=(3,0).
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FIGURE 1
SOLUTION:
Suppose a homeomorphism
f:X—=Y 3)
exists. Let us denote
f0)=¢q (4)
Xl = X— {O}
Y, =Y-{q}. ©)
By Problem 12-38, we conclude that
h:Xi—=T (6)

is also a homeomorphism, with respect to the induced topologies.
Set Y; is connected by setting

q = (3 + cos By, sin Py), 7
we define
g:(0,2m) =Y, ®)
by
g(B) = (3 + cos(Bo + B), sin(Bo + B)). ®

Function g is homeomorphic interval (0, 2x) is connected, and thus, Y, is
connected.
To obtain a contradiction, we will show that X; is not connected.
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The sets
A={(y):x>0}

B={(xy) x<0} (10)
are both open in R2. Hence,
A =XNA
B,=X,NB 1)

are open subsets of X, such that
A,B=¢, A\NB =¢, A|UB, =X, (12)

space X is not connected. Hence, X; and Y; are not homeomorphic, because
connectedness is a topological property.

® PROBLEM 12-40

A topological space, (X, T), is given, along with an equivalence relation

R. Construct the identification topology on %/, (sometimes called the
quotient topology).

SOLUTION:

If X is a set and R is an equivalence relation on X, then R determines a
partition of X into equivalence classes.

Two elements, x, y € X, belong to the same class, if and only if, x R y (x is
in R-relation to y). The set of equivalence classes is denoted by ¥/p.

Let us define a mapping

f: X=X ¢y
by
fx) = [+] )

where [x] is the equivalence class, such that x € [x].

fis called the identification mapping (or quotient mapping). See Figure 1.

Let us introduce a topology on #/p.

A subset U of ¥/ is open, if and only if, f~'(U) is open in X. In Problem
12-41, we will show that this is, indeed, a topology. This topology is called
the identification topology or quotient topology.
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FIGURE 1

® PROBLEM 12-41

Prove that the identification topology, defined in Problem 1240, is
indeed, topology.

SOLUTION:
Let us denote the collection of all open sets of X/ by Tk.
L @) =¢and f'(¥pr)=X )
(X, T) is a topological space, hence, ¢, X € T. Thus,
¢ € Tr and ¥/, € Ty @)

2. LetE, F € T, then f~Y(E) and f~1(F) are open sets in X. Thus,

fFlENFUFET 3)
But
fFfENFFE=fENFET 4)
Hence, E N F is an open set in /5
ENFETy ©)

3. Let {E,} represent a family of open sets in /. Then each set

fUENET (6)
and
Usr'Eaer. (7)
We have
UsiEs) = UE)ET ®
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and UE , is an open subset of ¥/.
o

The collection of open sets of %/ forms a topology on #/5.

® PROBLEM 12-42

The closed interval [0, 1] is equipped with the absolute value topology.
An equivalence relation is defined by:

1. Ois equivalentto 1

2. every other element of the segment [0, 1] is equivalent only to itself.

The equivalence classes are {0, 1} and {x} forO <x < 1.
Show that the identification space defined is homeomorphic to a
circle.

SOLUTION:

{x}

FIGURE 1

The endpoints 0 and 1 of the segment [0, 1] become a single point {0, 1}
of the new topological space. Hence, we wrap the segment [0, 1] around a
circle of a radius of !/,; and obtain a continuous function from [0, 1] onto a
circle. The inverse function is also continuous.

The identification space, obtained from [0, 1], is homeomorphic to a
circle.
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® PROBLEM 13-1

Let X = {0, 1}. Show that X, with the indiscrete topology, is not a 7~

space. Give an example of topology 7, for which (X, T) is a T —space.

SOLUTION:
DEFINITION OF T,-SPACE

The space (X, T) is said to be a T~space, if for any two distinct a, b € X,
there is a neighborhood of at least one, which does not contain the other.

(X, T)
a=b
ael, be¢u
UeT
®p

FIGURE 1
n

With the indiscrete topology T = {¢, X} one cannot separate 0 from 1 or
1 from 0. Consider the set X = {0, 1} with topology T = {¢, X, {0}}. Then, for
the two distinct points 0 and 1, an open set {0} exists, such that

0 € {0} but 1 & {0}.
Hence, (X, T) is a T,—space. Note that each metric space (X, d) is a T —space.

Topological Spaces

To —spaces

Metric Spaces

FIGURE 2
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® PROBLEM 13-2

Explain why, in general, a pseudometric space is not 7.

SOLUTION:

A pseudometric on X is a function D : X x X — R , such that

1. D(x y) = D(y, x)
2. D(x,y)sD(x, z2) + D(z, y)

forallx, y, z, € X.
Thus, it is possible that for two distinct points g, b € X,
D(a, b) =0.

Any neighborhood of a contains b and any neighborhood of b contains a.
Hence, a pseudometric space is not a T —space. Points a, b € X are dis-
tinct, but such that, D(a, b) = 0 cannot be separated.

® PROBLEM 13-3

Show that every metric space is a T,—space.

SOLUTION:
We shall start with the
DEFINITION OF T—-SPACE

A topological space (X, T) is called a T,—space, if every single element set
is closed, that is,

VaEX {a}= {7}. 1)
[

Note, that in a metric space (X, d), the condition for a set A to be closed,
can be expressed by the implication

limx, =x _
(""“ ) = (x €EA).
x, EA
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Since lim a = a, we have
{a} = {a}.

Thus, every metric space is a T ,—space (see Figure 1).

(X, d) Metric Space

T, —space

FIGURE 1

There are topological spaces which are not T,—spaces. For example, space X,
containing two points X = {a, b} with topology T = {¢, X}, is not a T —space.

We showed before, that every metric space can be regarded as a topo-
logical space. Figure 2 illustrates the results.

(X, d) Metric Space

T, —space

To —space

(X, T) Topological Space

FIGURE 2

From the definitions, it is clear that any T —space is also a T —space.

® PROBLEM 13-4

Show that a topological space (X, T) is a T,-space iff for any pair of dis-
tinct points a, b € X, the open sets G, H € T exist, such that

a€G, b&€G and bEH, a€H.
See Figure 1.
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FIGURE 1

SOLUTION:

Suppose (X, T) is a T;—space. Then, for any x € X, {x} is a closed set. Let
a, b€ X and a = b. The sets X — {a} and X — {b} are open, and

a€X-{b} and b@&X-{b}

bEX-{a} and a €& X-{a}.

Conversely, suppose x € X. We shall show that {x} is closed, i.e., X — {x} is
open. Let y € X — {x}, then y = x and an open set H_ exists, such that

yEHy and xEHy.

Thus,
YEH,CX - {x}and X - {x} = UH,.

y=x

Since all H are open sets, X — {x} is open and {x} is closed, {x} = Zx—}

® PROBLEM 13-5
Let X represent a finite set. Prove that the only topology on X, which
makes X into a T —space, is the discrete topology.

SOLUTION:

Let X represent any finite set and T a topology on X, such that (X, T) is a
T —space.

A space (X, T) is t, iff every one-point subset of X is closed. Since the
union of two closed subsets is a closed subset, we conclude that all subsets of
X are closed.

Therefore, all subsets of X are open and T is the discrete topology.
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® PROBLEM 13-6

Let (X, T) denote a T —space. Show that the following conditions are
equivalent:

1. a € X is an accumulation point of A.

2. every open set containing a contains an infinite number of points of
A.

SOLUTION:

1. = 2.
Suppose a € X is an accumulation point of A, and G is an open set a €G,
containing only a finite number of points of A different from a. Then

B={a,a, ...,a}=AN[G-{a}]
B is a finite subset of a T —space, hence, it is closed and X — B is open. Let
H=X-B)NG.

Then H is open, a € H and H do not contain any points of A different from a.
Hence, a is not an accumulation point of A.

2. = 1.
By definition of an accumulation point.

® PROBLEM 13-7

Prove, that if (X, T) and (Y, T") are homeomorphic and (X, 7) is a T,~space

(or T;—space), then so is (Y, T").

SOLUTION:

Let f denote a homeomorphism
f: X—=Y

and X be a T —space. A space (X, T) is T,, if and only if every one-point subset
of X is closed.

Let y represent any point of Y, y € Y. The set f-'(y) is a one-point subset
of X and since X is T, the set of {f~'(y)} is closed.
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Since f: X — Y is a homeomorphism, it maps closed sets into closed sets.
Therefore, foranyy €Y

= O}

Thus, (Y, T") is a T,—space. Similarly, we can show that, if X is T, then so is
Y.

® PROBLEM 13-8

Prove the following theorem:

THEOREM

Each T,-space is a T|—space.

SOLUTION:
DEFINITION OF T-SPACE (or a Hausdorff space or a separated space)

A topological space is a Hausdorff space if, for each pair of points a = b,
two disjoint open sets A and B exist, such that

a€A, bEB ANB=4¢. 1)
u

It is easy to see that each metric space is a T,—space. Now, we shall show that
each T —space is also a T —space. Suppose (X, T) is a T —space. Let a € X
represent a given point. Foreachx € X, x = a

e ey

.
--------

FIGURE 1

there is an open A , excluding the dotted circle in Figure 1, such that x €A
and a € A . Thus

X-{a}=UA4, @)

X =a

and X — {a} is an open set as a union of a family of open sets A .
Hence, {a} is closed and X is a T ,—space.

505



® PROBLEM 13-9

Find a T,-space which is not a T,—space.

Show that the properties of being a T,— and a T,-space are heredi-
tary.

SOLUTION:
Consider the set X, consisting of 0 and all points '/ , forn=1,2,3, ...
X={0,1,",",", ...} 1)

We define the topology T on X: Sets containing 1 are open, if and only if
they are complements of finite sets.

Sets which do not contain the point 1 are open, when they are open in the
sense of the usual topology of real numbers.

Hence, each open set containing O is infinite.

Therefore, points 0 and 1 cannot be separated by two open disjoint sets.
The space is T —space, but not T,.

(X, d) Metric Spaces

T, —spaces (Hausdorff)

Ty —spaces

To —spaces

(X, T) Topological Spaces

FIGURE 1

® PROBLEM 13-10

Show that the set X with the order topology is a T,—space.
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SOLUTION:

Let X represent any set totally ordered by <, (X, <). Let S represent the
family of subsets of X of the form

{x:x<a} or {x:a<x}
foralla e X.
The family S forms a subbasis for a topology T on X, called the order to-
pology induced by <. We shall show that (X, T) is a T,—space.
Let a, b € X represent two distinct points. Since X is totally ordered, ei-
ther a < b or b < a. Suppose a < b. There are two possibilities now:
1. Anelement c € X exists, such that
a<c<b.
Then
{x:x<c} and {x:c<x}
are two disjoint neighborhoods of a and b respectively.
2. No c € X exists, such that
a<c<b.
Then
{x:x<b} and {x:a<x}

are disjoint neighborhoods of a and b respectively.

® PROBLEM 13-11

ff&D—=XT) ()

is onto and one-to-one, f~' is continuous and X is a T,—space, prove that
Yis a T,—space.

SOLUTION:

Let y, and y, represent any two distinct points of Y. Since f is one-to-one
and onto, two distinct points of X exist, such that

x,x, €X
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f—l(yl) = x]’ f—l(yz) = xZ'

(ﬁ(, T) is a Hausdorff space, therefore, there are two open sets U, U, C X, such
that

x €U, x,€U, UNU,=¢.
Since fis bijective,
flU)CY, AU)CY

fU)NAU) =¢

Now, since f-! is continuous, the function (f~')' = f maps open sets into open
sets. Hence, {U,), {U,) € T" are open sets.

y, €fU), y,€AU,)
We conclude that (Y, T”) is a T,—space.

If two spaces are homeomorphic and one of them is a T,—space, then so is
the other.

® PROBLEM 13-12

Prove the theorems:

1. ((X,T) a Hausdorff spac

e
) => (A is closed).

A a finite subset of X
(X, T) a Hausdorff space

A CX, x is a cluster point of A| = (U N A is infinite).
U a neighborhood of X

SOLUTION:
1. Letx € X. We shall show that {x} is closed. Indeed, let
y EX-{x}
then a neighborhood U of y exists, such that
xeU.

Hence,
UCX-{x}
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and the set X — {x} is open. Thus, {x} is closed.
Any subset {x , .... x } of a Hausdorff space is closed.
2. Suppose, on the contrary, that U N A is finite. Then
UN[A-{x}]
is closed. Hence
U-[UNA-{x}]

is open.
But

xEU-[UNA-{x})]=U-A-{x}).

Then U — (A — {x}) is a neighborhood of x.
Since x is a cluster point of A, then

{[U-A-{xP]-{x}} NA=¢.

Contradiction!

® PROBLEM 13-13

Show, that if (X, T) is a Hausdorff space, then every convergent sequence
in X has a unique limit.

SOLUTION:

Let (x,) denote a convergent sequence with two limits a, b, such that
a=b.
Since (X, T) is a Hausdorff space, the open sets U, and U, exist, such that

a€U, beU, UNU,=¢.
But (x ) converges to a. Thus,
dk Vn>k x €U,

Similarly,
dk, Vn>k, x €U,

But the sets U, and U, are disjoint. Contradiction. Hence, a = b.
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® PROBLEM 13-14

Give an example of a regular space, which is not a T,—space.

SOLUTION:
DEFINITION OF REGULAR SPACE

A topological space (X, 7), is said to be regular if, given any closed sub-
set F C X and any point x € X, such that x & F, there are open sets U and V,
such that

FCU, x€V, and UNV=¢ (1)

FIGURE 1

Consider the set X = {a, b, ¢} with topology T = {¢, X, {a}, {b, c}}.
Note that the closed sets are ¢, X, {a}, {b, c}.

The topological space (X, T) is a regular space. But (X, T) is not a
T —space. Set {c} which is finite is not closed {c} = {c}.

® PROBLEM 13-15

Let (Y, T,) denote the subspace of (X, 7). Let y € Y and A C Y. Show,

that if y does not belong to the T,—closure of A, then y does not belong
to the T—closure of A.

SOLUTION:

By definition,

T~closure of A=A NY )
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wherez is the T—closure of A.

But
yEY. )
Therefore, if
ygANY )
then
y €A, ©

Note, that an equivalent definition of regular space is: a topological space (X, T)
is called regular if, for every point x and every closed set F, such that x & F, an
open set G exists, such that

xE€G and —é_ﬂF=¢.

G

Eﬁ F-¢

FIGURE 1

® PROBLEM 13-16

Show that every subset of a regular space is regular, i.e., the property of
being a regular space is hereditary.

SOLUTION:

Let (X, T) denote a regular space and (4, T,) its subspace. See Figure 1.
Lety €A and let F represent a T,—~closed subset of A, such that y ¢ F. Hence,
by Problem 13-15,

yGEI?

where F is the T—closure of F. Space (X, T) is regular. Two open sets G and H
exist, such that
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T

FIGURE 1

FCG, y€EH,GNH=¢.
But
GNAand HNA are T,—open

subsets of A.

yEA NHbecause y EA and y €E H. Sets A N G and A N H are disjoint
because G N H = ¢.

Also, since

FCAand FCFCG=FCANG.
Thus, (A, T,) is also regular.

® PROBLEM 13-17

Show that a space (X, T) is regular, if and only if given any x € X and
any neighborhood U of x, x € U € T, there is a neighborhood V of x, such
that

FIGURE 1

SOLUTION:
Suppose (X, T) is regular. Let U represent the neighborhood of x. Set X - U
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is closed and x & X — U. Hence, open sets V and Z exist, such that
x€EV, X-UCZ, VNZ=¢.
Since X - UC Z, we have X —Z C U. Also, since VN Z = ¢, we have
VC X-ZCU.
Hence,

VCVCX-ZCU.

Now, suppose x € X and U are any neighborhood of x. Then, a neighborhood
V of x exists, such that

VCu.

Let x € X and F represent any closed subset of X, such that x & F.
X - F is a neighborhood of x. Then V exists, such that, Vis open,x E V

VCX-F.

Set X — V'is open and F C X -V, also V is an open subset which contains x.
Since VC V

VNX-V)=0¢.

Thus, V and X — V are the sets that we are looking for.
(X, 7) is regular.

® PROBLEM 13-18

Show that every T,-space is also a T,—space.

SOLUTION:
DEFINITION OF A T-SPACE

A regular T,—space is called a T,—space.

Let (X, T) denote a T,—space. We shall show that (X, 7) is also a Hausdorff
space.

Let a, b € X represent distinct points. Space (X, T) is a T —space, there-
fore, {a} is a closed set. Since a and b are distinct,

b € {a}
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GﬁH-¢

FIGURE 1

Since (X, T) is a regular space, two disjoint open sets G and H exist, such
that

bEG and {a}C H

Hence, a and b belong to two disjoint open sets G and H. (X, T) is a Hausdorff
space (T,-space).

® PROBLEM 13-19

Show that any metric space (X, d) is a T,-space.

SOLUTION:

Let (X, d) denote a metric space and U represent any neighborhood of
x € X. There is a ball B(x, r), such that

xEBx r)CU. )]
Let us take any number r”
O<ri<r. 2
Then
B(x, ') C B r) 0)
and
B, r)={y:d(xy)sr’}C B ) CU. @

Hence, for any x € X and any neighborhood U of x, there is a neighborhood
B(x, r’) of x, such that

B(x, r)C U.

According to Problem 13-17, we conclude that (X, d) is regular. Since (X, d) is
also T, any metric space is a T,—space.

514



® PROBLEM 13-20

We shall define a topology on the set of real numbers R by giving an open
neighborhood system. Let x = 0, then P_ is the family of all open inter-

vals which contain x. For x = 0, we define P as the family of all sets of
the form ]- a, af — {'/ }, where n is a positive integer. Show that (R, T)
defined above is T,, but not T,

SOLUTION:

First, we show that (R, T) is T,. Letx ER and y ER, x = y. If both x and y
are different from 0, then

|x - y| |x - y|
7 X+ —5—|
|x - y| |x-y|

T Yt [

U=]x-

V=ly-

Bot U and V are open sets and
x€U, yevV, UNV=y.

If one point is 0, i.e., x = 0, then

v-1-2L oy

Hence, (R, T) is a Hausdorff space (i.e., a T,—space).

Now, we shall show that (R, T) is not T,. Let x = 0 ad F = {!/ }, where n
is a positive integer. The set F is closed.

Let V represent any neighborhood of x = 0

V=l-aa[- {1}

No open set U exists, such that F CUand VN U = ¢.
Hence, (R, 7) is not regular and, therefore, not T,

® PROBLEM 13-21

Show that the property of being T, is hereditary, that is, that any sub-

space of a T.—space is a T,—space.

SOLUTION:
Let Y denote a subspace of a T,—space (X, T). Let F be closed in Y and
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xEYandx&F.

FIGURE 1

Since F is closed in Y,
F=YNF D

where F” is a closed subset of X. Then x & F’. Space X is regular, hence, the
open sets U and V in X exist, such that

x€U, FCV, UNV=y. )]
The sets YN U and YN V are open in Y and
xXEYNU, FCYNV, YNU)NENYV)=¢. 3

Hence, space (Y, T,) is regular. Since (Y, T,) is a subspace of a T-space (X, T),
it is also 7. Therefore, (Y, T,) is a regular and a T,—space, i.¢., a T,—space.

® PROBLEM 13-22

Show that any space (X, T), containing more than one point with the
indiscrete topology, is normal.

SOLUTION:
DEFINITION OF NORMAL SPACE

A topological space (X, T) is said to be normal if, given any two disjoint
closed sets F, and F, in X, there are disjoint open sets U and V, such that

F,CU and F,CV
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FIGURE 1

The indiscrete topology consists of two sets X and ¢.
T ={X, ¢}.

Hence, the only closed sets are X and ¢ because X —¢p =X and X — X = ¢.
Thus, there are no non-empty disjoint closed subsets of X. The space is
normal.
It is easy to show that the space with discrete topology is normal. In this
topology, each set is closed and open.

® PROBLEM 13-23
Prove this theorem:
THEOREM

A topological space (X, T) is normal iff, for every closed set F and
every open set H containing F, an open set U exists, such that

FCUCUCH. ¢y
]

FIGURE 1
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SOLUTION:

=> Let (X, T) denote a normal space. Let F represent a closed set and H an
open set, such that

FCH )
The set X — H is closed and
FNX-H) =¢. )

F and X — H are two disjoint closed sets. Hence, the open sets U and U” exist,
such that

FCU, X-HCU", UNU’=¢. @)
Since
UNU =¢,wehave UC X-U" )
also, since
X-HCU, wehave X-U C H. (6)

Set X — U’ is closed, hence, we conclude

FCUCUCX-U'CH. )

<= Let F, and F, denote disjoint closed sets. Then
FC X-F, 8)
and X — F, is open. An open set exists, such that
F CUCUCX-F,. 9)

But, since_-l-_]mC X - F,, we must have F ,CX —U. Also since UC E, we have

unx-U)=¢. _ — —
Thus, since X~ Uisopen F, © U,F,C X-UandUN X -U) = ¢
where U and X — U are open sets.

® PROBLEM 13-24

Show that every metric space is normal.

SOLUTION:

Let (X, d) denote a metric space. Metric d induces the topology T on X. To
show that (X, T) is normal, we shall apply the separation axiom.
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THEOREM (SEPARATION AXIOM)

Let A and A, represent closed disjoint subsets of a metric space (X, d).
Then the disjoint open sets U, and U, exist, such that

ACU, and A,CU,

From this, we conclude that every metric space is normal.

® PROBLEM 13-25

Consider the set X = {a, b, c} with the topology
T = {9, X, {a}, {b}, {4, b}}.

Is (X, T) a T,—space, a regular space, or a normal space?

SOLUTION:
The closed sets are
X, ¢, {b, c}, {a, c}, {c} @
Not every singleton subset of X is closed. For example,
{a} = {a}. 3)

Hence, the space (X, 7) is not T,. Also, (X, 7) is not a regular space. Take a
closed subset {c} and a & {c}. Then, the only open set, which contains {c} is
the whole space X, which contains a. We shall show that (X, T) is a normal
space.

Let F, and F, represent disjoint closed subsets of X. Then one of them, say
F is the empty set ¢.

The sets ¢ and X are disjoint open sets and

o=F C ¢; FZCX.

Thus, (X, 7) is a normal space.

® PROBLEM 13-26

Show that every T,—space is also a T,—space. See Figure 1.
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Topologlcal Spaces

Ty —spaces

T, —spaces (Hausdorft Spaces)

T3 —spaces (Regular Ty —spaces)

T4—spaces (normal Ty —spaces)

Metric Spaces

FIGURE 1

SOLUTION:
DEFINITION OF A T-SPACE

A normal space which is also a T —space is called a T,~space.
|

Let (X, T) denote a T —space. Hence, (X, T) is normal and T,. Suppose F
is a closed subset of X and a € F. Since (X, T) is T, the singleton set {a} is
closed. Sets F and {a} are closed and disjoint. Since (X, T) is normal, the open
sets U, and U, exist, such that

{fa}CU, FCU, UNU,=¢.

Therefore (X, T) is regular and T,.
The diagram illustrates the relationship between different kinds of topo-
logical spaces, defined in this chapter.

® PROBLEM 13-27

Prove that if Y'is a closed subset of a T —space (X, T), then the subspace

(Y, T)) is also T,—space.
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SOLUTION:

Since every subspace of a T\—space is T, and (X, T) is T, also, Yis a T—
space. Since Y'is closed, a subset F of Y'is closed in Y, if and only if F is closed
in X. Hence, if F, and F, are disjoint closed subsets of Y, they are also disjoint
closed subsets of X.

Thus, the open sets U, and U, exist, such that

F,CU, F,CU,and UNU,=¢

Then
FlC uny, FZC Uuny,

and U, NY and U, NY are disjoint subsets of Y, open in Y. Since (Y, T)) is T,
and normal, it is T,.

® PROBLEM 13-28

Suppose that the space (X, T) is homeomorphic to the space (Y, T°), and
that X'is 7,. Prove that Yis 7.

SOLUTION:

We have already shown that if a space X is homeomorphic to a space Y
andXis T, thenYis T,.

Now, suppose X is a normal space and f: X — Y is a homeomorphism.

Let G, and G, represent any two disjoint closed subsets of Y. Then f~(G))

. T)

G1=G1
Go= G2
G1 N Gz- ¢

FIGURE 1
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and f~'(G,) are disjoint closed subsets of X. Since X is normal, there are two
disjoint open sets U, and U, in X, such that

fiG)CU, fI(G)Cy,
The sets f(U,) and {U,) are open in Y and
G,CAU), G,CAU)

fU)NAU,) =

Hence, (Y, T") is normal and T,.

® PROBLEM 13-29

Describe the notion of the extension of a continuous function defined on
a topological subspace.

SOLUTION:

The problem of extension of a function is one of the central and most
difficult questions in all of topology. Suppose (X, 7) is a topological space and
(Y, T,) is its topological subspace.

L))

f:YoZ 4
e
continuous

FIGURE 1
Let f: Y — Z denote a continuous function from Y into some space (Z, T°). The
question is: does a continuous function F : X — Z exist, such that
F(y)=f(y) foreachy €7,

thatis, F|Y=f?
In most cases the answer to this question is unknown. Only normal
spaces have certain extension properties.
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® PROBLEM 13-30

Here is one of the most important theorems in topology:

URYSOHN’S LEMMA

If a topological space (X, T) is normal, then, given any disjoint closed
non-empty subsets A and B of X, there is a continuous function f:X —
Z,Z =[0, 1], (Z has the absolute value topology), such that

foreverya €A, fla) =0

and for every b €B, f(b) = 1.

Prove that the converse of Urysohn’s lemma is true.

SOLUTION:

Suppose (X, T) has the property described in Urysohn’s lemma. Let A
and B represent closed disjoint non-empty subsets of X. There is a continuous
function f: X —[0, 1], such that for all a € A, f{a) = 0 and for all b € B, f(b)
=1.

Sets

U={x:0sx <}
U={x:",<xs1}

are disjoint open subsets of [0, 1]. Since fis continuous, f~'(U) and f(U") are
disjoint open subsets of X, such that

ACf'(U)
BCfY(U).

Hence, (X, T) is normal.

® PROBLEM 13-31

Let (X, T) denote a T,—space which contains more than one point. Show

that a non-constant continuous function f: X — [0, 1] exists.

523



SOLUTION:

Space X contains at least two points, for example, x and y. Since (X, T) is a
T —space, it must be normal and T'. For any T —space,

{x} = )
{r}= {0}

That is, any one-point subset is closed. The sets {x} and {y} are disjoint closed
non-empty subsets of X.
Therefore, since X is normal, a continuous function

f:X—1[0,1]

exists, such that
fix)=0 and fly)=1.

Function fis a continuous non-constant function from X into [0, 1].

® PROBLEM 13-32

Prove this generalization of Urysohn’s lemma:
Let A and B represent disjoint closed non-empty subsets of a normal
space (X, T). Then a continuous function

f:X—|[a b}
exists, such that
fix)=a forall xeA

fi(x)=b forall xEB.

SOLUTION:

Since (X, T) is a normal space, we can apply Urysohn’s lemma (Problem
13-30).
Function f*, which is continuous exists, such that
f:X—[0,1]
and for all x €A, f(x) = 0 and for all x € B, f{x) = 1.
Consider function f, defined by
f(x)=a + (b-a)f(x).

Since f is continuous, so is f. Furthermore,
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a forall x €A

did { b forall xEB

® PROBLEM 13-33

Show that Urysohn’s lemma is a special case of Tietze’s extension
theorem.
TIETZE’S EXTENSION THEOREM

Let (X, T) denote a T —space and Y any closed subset of X. If fis any

continuous function f: Y — R (where R is the space of real numbers with
the absolute value topology), then there is a continuous extension F of f,
from X into R

F:X—R.

SOLUTION:

Let (X, T) denote a T—space and let A and B represent disjoint closed non-
empty subsets of X. We define

Y=AUB and f:Y—R

by fix) = 0 for all x €A and f(x) = 1 for all x € B.
Function f is continuous. Hence, according to Tietze’s theorem, it can be
extended.

® PROBLEM 13-34
Let (X, T) denote any T ,—space and A represent any closed subset of X.
Show that for any continuous function
f:A—=R
a continuous extension F of f exists, such that

F:X—R

Note that R" is an n—dimensional Cartesian product of R.
See Figure 1.
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FIGURE 1

SOLUTION:

fis a continuous function of A into R". Thus, it can be written as

o) = (£, £ - £,(0))-

Each of the functions f, , ..., f, is continuous and maps A into R. According to
Tietze’s extension theorem, for each of the functions f, i =1, ..., n, there ex-
ists a continuous extension F, of f,i=1, 2, ..., n, from X into R. We define

F(x) = (F,(x), ..., F (x)).

Since all functions F,, F, ..., F, are continuous, so is F. Function F is a con-
tinuous extension of f from X into R".

O PROBLEM 13-35

Let R denote the space of real numbers with the absolute value topology
and Z the set of integers, Z C R, with subspace topology. Let R? represent
the plane with product topology and Z2 C R? the set of all pairs (m, n),

where m and n are integers, with subspace topology.
Using this “scenario,” prove the existence of a continuous function

F:R—R.

SOLUTION:

Consider any function

f:Z—27%

In both cases, the subspace topology is the discrete topology. Hence, any
function from Z into Z? is continuous. Sets Z and Z2 have the same cardinal
number. It is possible to find function f: Z — Z2, which is one-to-one and
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continuous.
According to Problem 13-34, f has a continuous extension F from R into

R~

® PROBLEM 13-36

Consider the class of real-valued functions

F = {f,(x) =sin x, f,(x) = sin 2x, ..., f (x) = sin nx, ...}
defined in R. Show that F does not separate points of R.

SOLUTION:
DEFINITION

Aclass F = {f : w € Q} of functions from X into Y is said to separate
points if, for any pair of distinct points a, b € X, a function f € F exists, such

that f(a) = f(b).

|
Consider a pair of distinct points 0 and .
sin0=sin2:-0=sin3-0=... =0
sin{t = sin2x = sin3mw=... =0

Hence class F does not separate points.

® PROBLEM 13-37

Let C(X, R) denote the class of all real-valued continuous functions,

defined on a topological space (X, 7). Show that, if the class C(X, R)
separates points, then (X, T) is a Hausdorff space.

SOLUTION:

Let a, b € X represent distinct points. Since C(X, R) separates points, a
continuous function

f:X—R
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exists, such that f{a) = f(b).
There are two open disjoint subsets U, and U, of R, such that

fla)€ U, and fib)E U,
Since f is a continuous function, sets f~'(U,) and f-'(U,) are open and
disjoint.
a€f(U)
b e f\(U).
Hence, (X, T) is a Hausdorff space (T,—space).

® PROBLEM 13-38

Prove that a completely regular space is regular.

SOLUTION:
DEFINITION OF COMPLETELY REGULAR SPACE

A topological space (X, T) is completely regular if, for any closed subset
F of X and any a € X, such that a & F, a continuous function f: X — [0, 1]
exists, such that for every

x€F, fix)=1 and f(a)=0.

(A ={1}

FIGURE 1

Now we show that completely regular space is also regular.

Let F represent a closed subset of X and a € X a point which does not be-
long to F.

By hypothesis, a continuous function

f:X—[0,1]

exists, such that fF) = {1} and f{a) = 0. An interval [0, 1] is a Hausdorff
space. Hence, two open disjoint subsets U, and U, of [0, 1] exist, such that

528



OEUl and 1€,

Since f is continuous, f~/(U,) and f~'(U,) are open. These subsets are disjoint
and such that

a€fNU), FCf(U).
Hence, (X, T) is regular.

® PROBLEM 13-39

Show that the property of being a completely regular space is heredi-

tary, i.e., every subspace of a completely regular space is completely
regular.

SOLUTION:

Let (X, T) denote a completely regular space and let (Y, 7)) be its sub-
space.

FIGURE 1

Let B be closed in Y and a represent a point in Y, such that a & B. Then
B=YND
where D is a closed set in X. Since a €Y and a & B, we have
a¥D.

Since (X, T) is completely regular, a continuous function f: X — [0, 1} exists,
such that

fla)=0 andforeachxE€D f(x)=1.

Then f| Y is a continuous function.
flY:Y—|[0, 1]
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such that f| ¥Y(a) = 0 and for each x € B, f| Y(x) = 1.
Thus, (Y, T,) is a completely regular space.

® PROBLEM 13-40
Consider the drawing of Problem 13-26. Where would you locate on
this drawing the Tychonoff spaces?

SOLUTION:
DEFINITION OF TYCHONOFF SPACE

A completely regular T,-space is called a Tychonoff space.
|

In Problem 13-38, we proved that a completely regular space is also a
regular space.

Hence, only a Tychonoff space is a T,—space.

Any normal T,-space (i.e., T,—space) is a Tychonoff space by virtue of
Urysohn’s lemma.

T3 —spaces (regular T; —spaces)

Tychonoff Space (completely regular
Ty —space)

T4 —space (normal Ty —space)

Metric Space

FIGURE 1

® PROBLEM 13-41

Prove the following:
THEOREM

The class C(X, R) of all real-valued continuous functions on a com-
pletely regular 7T,—space X separates points.
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SOLUTION:

Let a and b represent any distinct points in X. Since X is T, the set {a} is
closed. Points a and b are distinct, hence,

b & {a}.

Space (X, T) is completely regular. Hence, a real-valued continuous function
fon X exists, such that

fib)y=0 and f(a)=1.
This function separates points a and b

fla) = fb).
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CHAPTER 14

CARTESIAN PRODUCTS

Cartesian Product, Projections 14-1, 142, 14-3, 14—-4, 14-5, 14-6
Invariants of Cartesian Product 14-7, 148
Diagonal 14-9, 14-10, 14-11
Generalized Cartesian Product 14-12, 14-13
Continuity of Maps 14-14, 14-15
Cartesian Product of Metric Spaces 14-16, 14-17
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® PROBLEM 14-1

Let (X}, Ty) and (X,, T,) denote topological spaces.
DEFINITION OF OPEN SETS IN X, x X,

A set A C X, x X, is called open in X x X, iff it is the union of
Cartesian products G x H, where GET;,and HE T,
|

Prove the following:
THEOREM

The Cartesian product of two topological spaces is a topological
space.

SOLUTION:

From the definition, we conclude that the family of all sets G x H is a base
of X; x X,, where G €T, and HE T,.
From the identity

(G, x H) N(Gy x Hy) = (G, N Gy) x (H; N Hy) (1)

we see that, if G, G, € T, and H, H, € T,, then the intersection (G, x H;) N
(G, x H,) of open sets G| x H, and G, x H, is an open set.

Since
we conclude that the union of an arbitrary family of open sets in X; x X is
open.

Thus, the Cartesian product of two topological spaces is a topological
space.

® PROBLEM 14-2

Show that in R? the usual topology agrees with the definition of Prob-
lem 14-1.

SOLUTION:

Let A denote any open set in R2. It can be easily shown that the collection
of open squares with the sides parallel to the x and y axes forms a basis for
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R? space.

y‘k

FIGURE 1

Thus
A=Us,, (1)

where each S, is an open square with the sides parallel to the x and y axes.
Since the squares’ boundaries are open as indicated by the dashed lines, the
boundaries are not included in S,,.

Observe that each square can be represented as the Cartesian product of
two open intervals

So=1x,x[x]y,Ly2( 2

Hence, the collection of sets of the type ] x;, x, [ x ] 1, ¥, [ forms a basis of
R2,

® PROBLEM 14-3

Prove that

THEOREM

If {A.} is a base of X, and {Bg} is a base of X, then {A, x Bg} isa
base of X, x X,.

SOLUTION:
Suppose W C X, x X, is an open set in X; x X;. Then, by Problem 14-1,
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W is the union of Cartesian products E, x Fs where E, and Fj are open sub-
sets of X and X, respectively. Thus

W =U(E, x F5) €))
Since {A,} is a base of X; and {Bg} is a base of X, we have for each E,
E,=UA, ?2)
and for each Fj
Fs=UBg 3)
where A, , € {Ay}, B s € {Bg}. Hence
E,xFy=(UA, ) x(UBgs)=U (A, yx Bg o) 4)
Therefore
W=U(E, x Fs) = U (A, x Bp). &)

The set of {A, x Bg} is the base of X; x X,.

® PROBLEM 14-4

Show that
THEOREM
The projections

n: XxY—=X;, mxy)=x

T XxY—=Y;, mxy) =y

are continuous mappings.

SOLUTION:
Let A be an open subset of X. Then
n'(A) =A x Y. 3

Since both A and Y are open sets, 7t;~1(A) is an open set and m, is a continuous
mapping. Similarly we show that =, is a continuous mapping, since for any
open subset Bof Y

n,'(B)=X xB )

X x B is an open set.
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This result holds for the generalized Cartesian product of any family of
topological spaces.

® PROBLEM 14-5

Let
f:T—=XxY (1)
where

f1) = (h(®), £(1))- @

Show that f is continuous iff f; and f, are continuous. Also, f is continu-
ous at & iff f; and f, are continuous at #,.

SOLUTION:

Suppose that f is continuous at ¢,. Since

fi®) = [ f(1)] )

by Problem 144, we conclude that f; is continuous at #;.
Now, suppose that f; and f, are continuous at #y. Let A C X x Y be open and
let

Io € f(A). ©
We shall show that
1o € Int f1(A). )
We can apply the following property:
If S is a subbase of Y and f: X — Y and if f-(D) is open for each D €,

then fis continuous.
Thus, we can assume that A belongs to a subbase of X x Y. Setting

A=GxY (6)
we obtain
f1(A) = £7(G). (™
Therefore
£, Efi(G). ®)
But f; is continuous at £y, thus
t,€ Intf{Y(G) = Int f(A). ©)
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® PROBLEM 14-6

f: X—=Y

g:-W—=27

where X, Y, W and Z are topological spaces.
Show that the product mapping

h=fxg: XxW—>YxZ

is continuous iff fand g are continuous.

SOLUTION:
We have
h(x, w) = (fx), g(W))- €)
Let wy represent a given element of W. Then
hy(x) =: h(x, wo) = (f(x), &(wo)) Q)
and we obtain
f=mi0h. ©)

We shall apply the following.
THEOREM

A continuous mapping of two variables is continuous with respect to

each variable.
[ |

Hence, if A is continuous, then so is f. By the same argument g is continu-
ous.
Now, suppose that f and g are continuous. Then, by applying

h\(A x B) = f~(A) x g(B) (6)

we conclude that 4 is continuous.

® PROBLEM 14-7

We shall investigate the properties which are invariants of Cartesian
multiplication.
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Prove:

THEOREM

The product of two closed sets is a closed set.

SOLUTION:
Let A C X be closed in X and B Y be closed in Y. We have
XxY)-(AxB)=[X-A)xY]U[X x(Y-B)]. 1
Thus, the set (X x Y) — (A x B) is the union of two open sets and is therefore
an open set.

Similarly it can be shown that if both spaces are T,—spaces, then their
Cartesian product is a T,—space.

Also regularity is invariant under Cartesian multiplication. But normality
is not invariant under Cartesian multiplication.

® PROBLEM 14-8

Show that the Cartesian product of two T,—spaces is a Tr—space.

SOLUTION:

Suppose that X and Y are T,—spaces. Let z; EX x Yand z, EX x Y, such
that

z,#2, 1)
21 =(x,y1) 2= (x2,¥2) @
Since z; = z,, we must have either
X1 =X, 3
or
Y1#Y2 Q)

Suppose that x; = x,. Since X is a T,—space, two open sets A; and A exist, such
that,

A,CX, A,CX Q)
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X1 EA], X2 €A2 (6)

AINA,=¢. ™
Therefore
Z71EA XY z,EA,xY. ®
The sets A; x Y and A, x Y are open and
A1 xY)N (A2 xY)=¢. )

Hence the set X x Y is a T,—space.

® PROBLEM 14-9

Show that the diagonal D C X x X is homeomorphic to X.

SOLUTION:
DEFINITION OF A DIAGONAL
The set
D={(xy):x=y} M
is the diagonal of
X2=XxX
|
Consider the projection
M XxX—X
() =X @

In Problem 14-4 we proved that the projection is a continuous mapping.
Hence, the required homeomorphism is the projection ;.

X=D. 3)
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® PROBLEM 14-10

Prove the following:
THEOREM

If X is a T,—space, then the diagonal is closed in X x X = X2.

SOLUTION:

We shall show that X2 — D is an open set. That is, we have to show that
for any point

(x y)) EX2-D (1)
there are two open sets A and B, such that
xXEA, yEB )
and
AxBCX?2-D. (3)
Since X is a T)—space and x =y, there are two open sets A and B, such that
XEA and yEB 4
and
ANB=¢. %)
Therefore
AxB)ND=¢ (©)
that is
AxBCX?-D. ()

Note that the following is also true: if the diagonal of X x X is closed, then X
is a T,—space.

® PROBLEM 14-11

1. Show that if
f:X—=Y

is continuous, then the graph of f
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G={(xy):y=fx)} 2

is homeomorphic to X.

2. Also show that if Yis a T,—space, then G is closed in X x Y.

SOLUTION:
1. Consider the mapping

h(x) = (x, f(x))- 3
h(x) is a homeomorphism of X onto G. Thus X = G.

2. Letus define a mapping

P& y) = (fix), y). “4)

Then
[pGe y) ED] =[fix) =yl =[(x y) €G] ®

Thus
G =p (D). (6)

Since p is continuous and D is closed, we conclude that G is closed.

® PROBLEM 14-12

Construct the subbase of the generalized Cartesian product.

SOLUTION:

Consider the family of topological spaces {X, : w € Q}. The generalized
Cartesian product is defined by

Z= x X, (1)
0weR
The ath coordinate of fE€ Z, n,(f) is defined by
To(f) = o) )
then
N, Z —> X, 3)

is the projection of Z on X,,.
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The topology in Z (called Tychonow topology) is defined as follows:
DEFINITION

A subbase of Z is defined as the family of sets of the form
H, g =n,"(G) = {f: l) EG} 4

where G is open in X,

Observe that H , ¢ is the product of G and of all spaces Xg, where f3 = a.

® PROBLEM 14-13

Show that if A, C X, for each w € Q, then
xA =xAg,.

® w w
That is, the Cartesian product of closed sets is always closed.

SOLUTION:
Let (x,) € xX, be, such that
(x,) ExA,. 2
We shall show that for every w ©
Xe EAw ©)]
and hence
(*w) Ez Ay. )

Let x,, € U,, where U, is open in X, then
(x,) E< U, >. )

By < U, > we denote the “slice” of xX, where each factor is X, except the
ath, which is U,. We have @

¢ = zAa,ﬂ <U, >= (U, NA,) x[X{Ag:p = w}].

Hence
U,NA,=¢ and x,EAe.

The converse inclusion is proved in the same manner by reversing the steps.
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® PROBLEM 14-14

Let {X,, - w € Q} represent any family of topological spaces. Show that
for each fixed § € Q,

J'l:ﬁ :sz _>X|3

is continuous and open.

SOLUTION:
Let U denote an open set in Xg. Then
n(U)=<U >
is open in sz- Hence g is continuous.
Since
Xﬁ if B=w,,...,0,
nB < le,...,an> = Uﬂ it —o,

the image of any basic open set is open. Hence mg is open.

® PROBLEM 14-15

Let {X,, - w € Q} denote a family of topological spaces and let

f:Y—=xX,.
w

Prove that

(f is continuous) <> (7, of is continuous for each w € Q).

SOLUTION:

= Suppose f is continuous. From 14-14 each r,, is continuous. Hence
n,0f

is continuous for each w € Q.

<= Suppose &, o fis continuous. Then for each element <U,> of subbasis in
xX,, we have
w

freUg>=fn (U] = (n40 /) (U,).
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Hence x<U,> is open and fis continuous.
For any
f:Y—=xX,
w

the map
n,of:Y—=X,

is called the ath coordinate function of f.

® PROBLEM 14-16

Let (X,, d,) denote a finite or infinite sequence of metric spaces. Define
the metric of the product

n 0
x X; and x X,,.
k=1 n=1

SOLUTION:

Let X}, X, ..., X, denote a finite sequence of metric spaces. Let x and y

n
denote points in kx Xy. Then
-1
X = (X1, X0, <oy Xp)

Y=(Y1Y2 ++» V) )

The distance between x and y can be defined as follows:

d(x,y) = LEI dk(xk,yk). Q)

It is easy to show that (2) defines a metric in the Cartesian product X; x X, x
cee XX,

Consider the infinite Cartesian product X; x X, x ... x X, x .... The dis-
tance between points

x=(x, %, ....) and y=(yy, ¥ -...)

can be defined by 2 1
d(xy) = 2 o dulEnya) )

n=1
Note that d,, is the metric in X,
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® PROBLEM 14-17

In Problem 14-16, we defined the product x X, of metric spaces and the

distance. Hence | x X,,, d) is a metric space.

n=1

Metric d induces topology T, on xlX,,. In Problem 14-12 we de-
Nm

fined the Tychonow topology, T, as x X,,. What is the relation between
n=1

these topologies? (i.e., which one is weaker, or are they the same).

SOLUTION:
The following theorem answers this question.

THEOREM

A setA C X, x X, x ... is open in the metric sense if, and only if, A is open
in the Tychonow topology.
[

Hence the topology induced by the metric agrees with the Tychonow topol-
ogy.
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CHAPTER 15

COUNTABILITY PROPERTIES

Open Covers, Refinements 15-1, 15-2
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Second Countable Spaces 15-10, 15-11, 15-13
Separable Spaces 15-12, 15-17, 15-18, 15-19, 15-20, 15-21
Lindelof Spaces 15-14, 15-15, 15-16
Metric Spaces 15-22, 15-23, 15-24, 15-25, 15-26
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® PROBLEM 15-1

Let (R, T) denote the set of real numbers with topology induced by the
absolute value metric. Show that
{B(x, 2): x ER}

i.e., the collection of open balls

B(x32)={y:y€R9|x_y|<2}

is an open cover of R.
Give an example of an open subcover and an improvement of

{B(x, 2) : x ER}.

SOLUTION:
DEFINITION OF OPEN COVER

An open cover of a topological space (X, T) is a collection
A wEQAET}
of open subsets of X, such that
X=UA

a

a*

{Bg} is an open subcover of {A,}, if
{Bp} C {Ad}.
The set {B(x, 2) : x € R} is an open cover of R because
R =UJ B(x,2).
The set i
{B(n, 2) : nis an integer}

is an open subcover of R.
An open cover {D,} is said to be an improvement of {A,}, if for each D,,
there is A, such that

D,CA..
Hence, we can choose
{B(x, 1): x ER}

as an improvement of {B(x, 2) : x ER}.
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® PROBLEM 15-2

Show that every open cover of a closed and bounded interval A = [g, b] is
reducible to a finite cover.

SOLUTION:

We shall apply Heine-Borel Theorem:
If A = [a, b] is a closed and bounded interval and {U,} is a class of open
sets, such that

AcUu,,

then one can choose a finite number of open sets U, ,U, ,...,U, , such
that b *
ACU, uvu, v...uvu, .
1 2 k

The conclusion from the above theorem is that every open cover of interval
[a, b] is reducible to a finite cover.

® PROBLEM 15-3

Show that every metric space is a first countable space.

SOLUTION:
DEFINITION OF FIRST COUNTABLE SPACE

A topological space (X, 7) is called a first countable space if, for every
point a € X, a countable class B, of open sets containing a exists, such that
every open set A containing a also contains a member of B,.

AeT
ae A
Bxkc A

FIGURE 1
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That is, a topological space (X, 7T) is a first countable space iff at every point
a € X, a countable local base exists.

Let (X, d) denote a metric space and let a € X be any point. The set of
balls

{B(a! 1)’ B(a’ 1/2)’ B(a’ 1/3)9 B(a’ l/4)’ }

forms a countable local base at a € X.
For every open set A containing a, a ball B(a, !/;) exists such that

a € B(a, '/;) CA.

Hence every metric space is a first countable space.

® PROBLEM 15-4

Show that any subspace (Y, Ty) of a first countable space (X 7) is also first
countable.

SOLUTION:

Let (X, T) be a first countable space and (Y, Ty) its subspace. Leta €Y.
By hypothesis (X, 7) is a first countable space. Hence a countable base B,
in (X, 7) exists.

B,={B.:kEN}

Let us define for each B, B, = Y N B,.
Sets B”, are open in (Y, Ty) they form a Ty—local base ata €Y.
The set {B"; : k € N} is countable. Hence (Y, Ty) is a first countable

space.

® PROBLEM 15-5

Let

An = {A13A2’A3’ }

be a nested local base at a € X. Let (ay, a,, ...) denote a sequence such

that
a GAI, a €A2, ceey A EAk, ceee

Show that (a,) converges to a.

549



SOLUTION:

Let U denote an open set containing a.
Set {A,,A,, ...} is a local base at a. Hence, set A; exists, such that

A, CU.

Sets A, Ay, A, ... are nested if
A DA;DA3DALD...
Hence for any m > k we have
A DA,
and since a,, € A,, we obtain
a,€A; CU.
Thus

a, — a.

® PROBLEM 15-6

Show that the property of being a first countable space is a topological
property.

SOLUTION:
Suppose topological spaces (X, 7) and (Y, T,) are homeomorphic
X=Y.

We shall show that if (X, T) is a first countable space, then (¥, T) is also a first

countable space.
Let

f:X—=Y

be a homeomorphism and let (X, T) be a first countable space. Lety € Y and V
be an open subset of Y, such that y € V. (See Figure 1).

Since fis a homeomorphism, f-!(y) is a point in X and f-1(V) is an open set
in X such that

M EFM).

(X, 7) is a first countable space, hence x = f~!(y) has a countable local base
B,. An open set B € B, exists, such that
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x=fl(y) €EBCfIV).
Thus

YyEAB)CV

where f(B) is open in (Y, T").

FIGURE 1

® PROBLEM 15-7

Show that if
Ax= {Al,Az,A3, ...}

is a countable local base at x € X, then a nested local base exists at x.

SOLUTION:
Let

B,=A,B,=A1NA, ....,B,=A1N...NA,.
Each of the sets By, B,, ... is open and contains x. Also
BiDB,DB3D...
Now, let U be an open set containing x, then k € N exists, such that
B, CA;, CU.
Hence
{B, By, B3, ...}

is a nested local base at x € X.
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® PROBLEM 15-8

Prove this theorem:

THEOREM

A function defined on a first countable space (X, T) is continuous at
x € X iff it is sequentially continuous at x.

SOLUTION:
We shall show that if (X, 7) is a first countable space, then
f:X—=Y

is continuous at x € X, if and only if, for every sequence (a,) converging to x
€ X, the sequence (f(a,)) converges to f(x). It has been shown that if fis con-
tinuous, then f is sequentially continuous. It remains to be shown that

(f is sequentially continuous) = (fis continuous)
or equivalent
(fis not continuous) => (fis not sequentially continuous).

Let {A}, A,, ...} be a nested local base at x E X.
Suppose fis not continuous. Then, an open set V C Y exists, such that

fx)EV, andforeveryn €N, A, € f-Y(V).

Thus, for every n € N, an a, € A, exists, such that a, & f-1(V) and therefore
fa,) & V.

According to Problem 15-5, (a,) converges to x, but

fla,) + fix).

® PROBLEM 15-9

Show that the set of real numbers R with the cofinite topology is not a
first countable space.

SOLUTION:

Cofinite topology T contains ¢ and the complements of finite sets. Sup-
pose (R, T) is a first countable space. Let A(1) = {A, Ay, A;, ...} be a
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countable open local base at 1 € R. Each A, is T-open, hence its complement
R-A,, is closed and hence finite.
The set

A =U (R _An)

is the countable union of finite sets. Thus A is countable and R is not count-
able. A point a € R exists, such that

a=1l, a&A.
We have
a€ER-A=R-UR-A))=NA,.
n n
Hence a €A, for every n €EN.
The set R—{a} is a T-open as a complement of a finite set.

1ER- {a}

because a = 1.
A(1)is alocal base at 1 € R. A, € A(1) exists, such that

AkCR— {a}

Hence a & A;.
That contradicts the fact that for every n EN,a €EA,,.

® PROBLEM 15-10

Show that R? with the usual topology is a second countable space.

SOLUTION:
DEFINITION OF A SECOND COUNTABLE SPACE

A topological space (X, T) is called a second countable space, if a count-

able basis B exists for the topology T.
|

Let us define B as a class of open balls in R? with rational radii and cen-
ters, whose both coordinates are rational numbers. The Cartesian product of
three countable sets is a countable set. Hence, B is a countable set. It is easy
to see that B is a basis for the usual topology on R?.

Hence (R?, T) is a second countable space.
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® PROBLEM 15-11

1. Show that (R, T), where R is the set of real numbers and T is the dis-
crete topology, is not the second countable space.

2. Show that: Any second countable space is first countable.

SOLUTION:

1. It is easy to see that if T is a discrete topology, then its base contains all
singleton sets.

Set R, and hence, the class of singleton subsets {a} of R, is not countable.
R with the discrete topology T is not the second countable space.

2. Suppose (X, 7) is the second countable space.

Hence, B is a countable base for (X, T). Let B, consist of all members of
B which contain x € X. Then B, is a countable local base at x € X. Hence,
(X, T) is a first countable space.

® PROBLEM 15-12

Show that:

1. Every subspace of a second countable space is second countable.

2. Any second countable space is separable.

SOLUTION:

1. Let B represent a countable base for the second countable space (X, T).
B={B,:nEN}

Then, for any subspace A
B,={ANB,:nEN}

is a countable base for A. Thus, (4, T,) is a second countable space.

2. DEFINITION OF SEPARABLE SPACE

X is said to be separable if X contains a countable dense subset.
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Let (X, T) denote a second countable space with a countable base B. For
each B, : n € N select x(B,) € B,
The set

{x(B,) : B, € B}

is a countable subset of X, which is dense.
Hence, (X, T) is separable.

® PROBLEM 15-13

Prove the following:

THEOREM (Lindelof)

If A is a subset of a second countable space (X, T), then every open
cover of A is reducible to a countable cover.

SOLUTION:
Let

B={B,:nE€N}

denote a countable base for X and let H = {H,, : a € Q} denote an open cover
of A.

ACUH,,

Hence, for every x €A, H, € H exists, such that x € H,,. Since B is a base for
X, for every x €A, B, € B exists, such that

x€B, CH,.

FIGURE 1
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Thus
ACU{B,: XEA}
The family of sets {B, : x EA} is a subset of B, hence it is countable
{By:xE€EA} ={By: kEK}

where K is a countable index set. For each k € K, we can choose one set H,
€ H, such that

B, CH,.

Thus
AcU B, cy H,
k k

and {H; : k € K} is a countable subcover of H.

® PROBLEM 15-14

Show that every second countable space is a Lindelof space.

SOLUTION:
DEFINITION OF A LINDELOF SPACE

A topological space (X, T) is called a Lindelof space, if every open cover
of X is reducible to a countable cover.
|

We shall prove the following:
THEOREM

If (X, T) is a second countable space, then every base B for X is reducible

to a countable base for X.
[ |

Let (X, T) represent a second countable space. Then X has a countable
base

B={B,:n€EN}.
Let H= {H, : a € Q} represent any base for X. Then for eachn €N
B,=U{H,:H,€EH,}

where H,, C H. Hence H,, is an open cover of B,
According to Problem 15-13, H,, is reducible to a countable subcover
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H,.
B,=U{H,:H,EH",}, H,CH,

and H’, is countable.
Note that

H={H,:H,€H ,,n €EN}
is a base for X, since B is a base. Also
HCH

and H’ are countable.

® PROBLEM 15-15

Show that every closed subspace of a Lindelof space is Lindelof.

SOLUTION:

Suppose A is a closed subspace of a Lindelof space (X, T) and {H,} is an
open cover of A, k € K. Each Hy isopenin A,

Hk=A N Vk

where V, is open in X.
Since A is closed, X — A is open in X. Hence,

{(X-A} U {V;: kEK}

is an open cover of X.
There is a countable subcover

X -AyU{Vv, :n=123...}
of n
{X-A} U {V,: kEK}.
Then
{Vk":n =123...}
is a countable open cover of A. Therefore

ANV, :n=123,.}

is a countable open subcover of {H; : kK € K}. Hence, A is a Lindelof space.
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® PROBLEM 15-16

| Show that a discrete space X is Lindeldf, if and only if, X is a countable
set.

SOLUTION:

Let (X, T) denote a discrete topological space, i.e., T consists of all the
subsets of X.

Suppose (X, T) is Lindelof. Then every open cover of X has a countable
subcover. Each singleton set {x}, x € X is open in discrete topology. The
family of sets

{{x} :x€X}
is an open cover of X
X=U {x}
x€EX
Since X is Lindelof, a countable subcover exists
{x1}7 {X2}, {X3},

Hence, X is a countable set.
Conversely, if X is a countable set and (X, 7) is a discrete space, then X is
Lindelof. Let

A={A,: 0 EQ}
represent an open cover of X.
XCcUA,.
For each x E X, A, € A exists, such thatol
x €A,

since X is countable

X ={x;, x ...}
we can choose

X1EALXEA,,...

Hence, A1, A,, As, ... is an open subcover of A. Thus, (X, 7) is Lindelof.
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® PROBLEM 15-17

Show that:

1. The real line R with the usual topology is a separable set.

2. The real line R with the discrete topology is not a separable set.

SOLUTION:

1. Let Q denote the set of rational numbers. We have showed that Q is a
countable set. Since Q is dense in R, the set of real numbers R with the usual
topology is separable.

2. Let T denote the discrete topology on R. Then every subset of R is both
closed and open. Therefore, the only dense set in R is R itself. Set R is not
countable. Hence, R with the discrete topology is not a separable space.

® PROBLEM 15-18

Show that if a topological space (X, T) is a second countable space, then
(X, 7) is separable.

SOLUTION:
Suppose (X, T) is a second countable space. The family of sets
B={B,:nEN}
is a countable base of X. For each n € N, we choose a point a,, such that

a, €B,.

The set
A={a,:nEN}
is countable.
We shall show that each point
xEX-A

is an accumulation point of A, that is, that A = X.
LetX € X — A and let U represent an open set containing x. At least one set
By € B exists, such that
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akEBkC U.
Since g, EA and x EX-A,

ag # X.

FIGURE 1

We conclude that x is an accumulation point of A, since every open set U
containing x also contains a point of A different from x.

® PROBLEM 15-19

1. Show that a discrete space X is separable, if and only if, X is count-
able.

2. Show that (X, T) with the cofinite topology T is separable.

SOLUTION:

1. Let (X, T) denote a discrete space. Then every subset of X is both open and
closed. Therefore, the only dense subset of X is X itself. Hence, X contains a
countable dense subset, if and only if, X is countable. Thus, a discrete space
X is separable iff X is countable.

2. Suppose X is countable. Then, X is a countable dense subset of (X, T).
Now, suppose, X is not countable. Then X contains non-finite, countable,
subset A.
In the cofinite topology, the only closed sets are the finite sets and X.
Hence, the closure of A is the entire space X, that is

A=X.
Since A is countable, (X, T) is separable.
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® PROBLEM 15-20

Show that (R?, T) is separable, where R? is the plane and T is the topol-
ogy generated by the half-open rectangles.

Ja bl x]Jc, d]={(x, y):a<xsb,c<ys=d}

SOLUTION:

For any rectangle ]a, b] x ]c, d] a point (xg, yo) exists with rational coor-
dinates, such that

(X0, o) € ]a, b] x ]c, d] .

yl

FIGURE 1

Consider the set A = Q x Q consisting of all points in R? with rational co-
ordinates.

Since Q is countable, so is A. The set A is dense in R2. Hence, (R?, T) is
separable.

® PROBLEM 15-21

Show that any open subspace of a separable space is separable.

SOLUTION:
Let (X, T) represent a separable space and let

{x,: nE N}
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represent a countable dense subset of (X, 7).
We shall show that any open subspace U of X is separable. We define

B=UN {x,:nEN}.
Let V represent any subset of U which is open in U. Hence V is open in X,
since U is open in X. Therefore, V contains some x,, and hence, a point

of B.
We shall apply the following theorem:

THEOREM

A subset A of a topological space (X, T) is dense, if and only if, every
open subset of X contains some point of A.

Therefore, B is dense in U. Set U contains a countable dense subset B, and
hence, U is separable.

® PROBLEM 15-22

Let B(x, r) represent an open sphere in a metric space (X, d), and let

d(x, y)<'/zr. 1)

FIGURE 1

Show that if 1/3r < 8 < ?/5 r, then
x € B(y, ) CB(x, r).

SOLUTION:

From (1) and condition /5 r < § we obtain
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d(x, y)<l3r<®. 3)

Hence
x € B(y, 0). “4)
Suppose
zZ€E€ B(y, 0) 5)
then
d(y, z) < d. (6)
According to triangle inequality
d(z x) < d(y, 2) + d(y, x). (7
From (7), (6), (1) we obtain
diz, x)<d(y,2) +d(y,x) <d+Ysr<?sr+1Ysr=r. 8)
Hence
ZEB(x, 1)
and
B(y, 8)C B(x, r). )

® PROBLEM 15-23

THEOREM

Every separable metric space is second countable.

Prove it.

SOLUTION:

Let (X, d) denote a separable metric space. Then A is a countable dense
subset of X

A=X.

According to S we denote the class of all open spheres with centers in A and
with rational radii, that is,

S={B(ar):a€A,reQ}. 1)
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Since A and Q are countable sets, S is countable.
We will show that S is a base for the topology on X. That is, that
for every open set U C X and for every x € U

FIGURE 1

there is a sphere B(a, r) € S, such that
xXEB(a,r)CU. (2)
Since x € U, there is an open sphere B(x, rg), such that
XEB(x, rg) CU. 3)
Since A is dense in X, we can always find gg € A, such that
d(x, ag) < /3 ro. @)

FIGURE 2

Let r, denote a rational number, such that
srg<r <?;r, )
Then, according to Problem 15-22, we have
x € B(ag, 1)) CB(x, ro) CU. 6)
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Since B(ao, ;) €S and S are countable, S is a countable base for the topology
on X.

® PROBLEM 15-24

Show that the linear space C[0, 1] of all continuous functions on the
closed interval [0, 1] with the norm defined by

171l = sup{| fx) | : x €0, 1]}

is second countable.

SOLUTION:

Let f € C[0, 1]. Then, according to the Weierstrass approximation theo-
rem for any € > 0, a polynomial P(x) exists with rational coefficients, such
that

| /%) - P || < €
that is, for allx € [0, 1]
|f)-P ()| <.
Hence, the collection of polynomials with rational coefficients is dense in

Cl[o, 1].

The set P of all polynomials with rational coefficients is countable. Hence,
C[0, 1] contains a countable dense set, i.e., C[0, 1] which is separable. Since
each separable metric space (see Problem 15-23) is second countable,
Cl[0, 1] is second countable.

® PROBLEM 15-25

Show that every Lindel6f metric space is separable.

SOLUTION:

Suppose (X, d) is a Lindeldf space. Let a > 0 denote any real positive
number, and let A denote a maximal subset of X such that

d(a, b) =z o forevery a, b EA. 1)
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The existence of such maximal subset is guaranteed according to Zorn’s
lemma.
For each a € A consider B(a, %/,) and

D=X-U{B(a,%,):a €EA} )

D is an open set.

ma%ﬁ\\\;é%%%%% é%%%%%
D

FIGURE 1

Note that
{D} U {B(a,%/,):a €A} 3)

is a covering of X by open sets. Since X is Lindel6f, a countable subcovering
exists.

Suppose we remove B(a, %/,) from the original covering (3) for any a €
A, then the remaining sets would not cover X (none of them would contain
a). Thus, {B(a, %/,) : a € A} is countable, hence, A is countable.

We can repeat the above construction for each a=1/,;n=1,2,3, ... and
obtain corresponding maximal subsets {4,}.

Let

P= U4, @

P is countable as the union of countably many countable sets. We shall show
that P is dense in X.
Suppose x € X and f > 0. We have to show that there is y € P, such that

d(y, x) < .
Set
n> 1/‘3. (5)
Then there is y € A, such that
d(y, x) < B. (6)

Let U represent any nonempty open subset of X. We choose x € U and f > 0,
such that

B(x p)CcU.
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Then B(x, B), and hence U, contains an element of P. Therefore P is dense in
X. Space (X, d) is separable.

® PROBLEM 15-26

Prove the following important theorem:

THEOREM

If (X, d) is a metric space, then the following statements are equiva-
lent:

1. Xis separable

2. X s second countable

3. Xis Lindelof.

SOLUTION:

In Problem 15-12, we proved that any second countable space is sepa-
rable, i.e., we proved

@ =1 M
In Problem 15-23, we proved that every separable metric space is second
countable, i.e.,

1) = 2
Hence
1 =@

In Problem 15-14, we proved that every second countable space is Lindelof,
ie.,

? = ). 3

In Problem 15-25, we proved that every Lindel6f metric space is separable,
ie.,

G =0 4)
From Equations (4) and (2) we obtain
G3) = (2. ©)
Therefore
1) = 2 = ©). ©)
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